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★How looks Universe before its first second?

Background of Gravitational waves 
can probe early universe cosmology

First Order Phase Transitions

Inflation Cosmic strings



WHAT IS IT?
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Source: K. Turbang adapted from LIGO/Virgo collab. arXiv:1612.02029

Stochastic Background of GW

Looks like noise, detected by cross-correlation
Allen Romano gr-qc/9710117 Analog of CMB
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4 Stochastic Background of GW

★AstroPhysical SGWB

★Cosmological SGWB

✴ Superposition of unresolvable sources

✴ Generated by energetic events during cosmological evolution

arXiv: 1705.01783 D. Weir 

First Order Phase Transitions
Inflation

Cosmic strings

BBH BNS

✴ Predictable after LIGO/Virgo observations

! Most likely measured in next few years !
LIGO/Virgo Phys.Rev.D 100 (2019)

Explore Universe earlier than CMB!
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5 Cosmological phase transitions
★Consider Universe with high reheating temperature
★Consider spontaneously broken symmetry 

★In the Standard Model

✴QCD Phase Transition (T ~ GeV)? In SM No first order
✴EW Phase Transition (T~ 100 GeV)? In SM No first order

(If very light Higgs it could have been strongly first order)
'81 Witten

Phase transition during the cooling of the Universe at critical temperature
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Tc

★Phase transitions
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{✴First order: discontinuos change of order parameter

✴Second order: smooth change of order parameter

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



6 Why cosmological first order PT?

★In the Standard Model, QCD and EW PT are not first order

✴First order EW PT can lead to electroweak baryogenesis
✴New first order PT in dark matter sectors
✴FOPT are powerful sources of stochastic GW signal

New physics in 

Higgs sector

★Probe of Early Universe cosmology

First Order Phase Transition would be signal of BSM physics

FOPT proceeds

through bubble

formation

Target for current and future
GW experiments

✦ Ligo Virgo Kagra
✦ NANOGrav, PPTA, EPTA
✦ LISA
✦ Einstein Telescope
✦ Cosmic explorer

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



7 First order phase transition

★Nucleation condition in homogeneous Universe

✴Phase transition described by effective potential
✴Thermal fluctuation induces nucleation of bubbles
✴Nucleation rate/volume set by O(3) bounce action

�V (T ) ⇠ T 4e�S3(T )/T

✴Nucleation condition sets nucleation temperature �V (Tn) ⇠ H(Tn)
4of bubbles. Indeed, bubbles of the true vacuum (broken phase) will expand in a sea

of false vacuum (symmetric phase), converting false vacuum into true vacuum. This is
depicted in Fig. 6.

Figure 6: Illustration of the creation of bubbles. The true vacuum lies inside the bubble,
whereas the false vacuum is outside.

To describe such a process, the tunneling probability per unit volume is introduced:

�

V
= A(T )e�S(T ), (2.27)

where A(T ) is a proportionality constant and S(T ) is the Euclidean action [40–42]. Here,
a few comments need to be made about this action. At zero temperature, one starts with
the Minkowskian action in four dimensions, which, after a Wick rotation, i.e. ⌧ = it,
yields the Euclidean action:

SE =

Z
d4x

✓
1

2
(@µ�)

2 + V (�)

◆
, (2.28)

where (@µ�)2 = (@�/@⌧)2+(@i�)2. It makes sense to look for a solution which possesses
the O(4) symmetry of Euclidean space [14]. Thus, a radial coordinate ⇢ =

p
⌧2 + x2 is

defined and a solution � = �(⇢) is searched for. With this in mind, the action now takes
the form

SE(�) = 2⇡2
Z

d⇢ ⇢3
 
1

2

✓
d�

d⇢

◆2

+ V (�)

!
, (2.29)

such that the equation of motion reads

d2�

d⇢2
+

3

⇢

d�

d⇢
�

@V

@�
(�) = 0. (2.30)

However, when tunneling at finite temperature, a few modifications need to be made.
The potential will now be replaced by the e↵ective potential at finite temperature. With-
out too many details, it is mentioned that the integration over Euclidean time ⌧ in

17

Tc

T = 0

Tn

T > TcV (�)

h�i

★First Order Phase transition (FOPT) proceeds with bubble nucleation

Homogeneous Universe in false vacuum

h�i = 0
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8 Basics of first order phase transitions

S3(T )

T

TcTn

✦Nucleation rate controlled by the bounce action

fig. from arXiv:1705.01783 D. Weir 
�V (T ) ⇠ T 4e�S3(T )/T

★Parameters describing PT properties
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3 mechanisms to generate SBGW from FOPT
✦Bubble collisions
✦Sound Waves in the plasma
✦Turbulence

Many subtleties in computation of GW signal (bubble velocity, friction, …)

SGWB from FOPT

★GW signal is broken power law

Which dominates 

depends on PT 

properties

Figure 3: Example output of the PTPlot tool. The plot shows an example of the GW power

spectrum from a first-order PT, along with the LISA sensitivity curve (h2⌦Sens(f) taken from the

LISA Science Requirements Document [65]). The parameters of the example model are vw = 0.9,

↵ = 0.1, �/H⇤ = 50, T⇤ = 200 GeV, g⇤ = 100.

years as the mission duration and a duty cycle of 75%, yielding T ' 9.46 ⇥ 107 s which is the

minimal data-taking time guaranteed by the LISA mission requirements [65].

To give a responsive web interface, the SNR values are precomputed as a function of U f and

HnR⇤ at fixed T⇤ and g⇤; note that the SNR contours are necessarily two-dimensional slices

through a higher-dimensional parameter space and this slicing was chosen for consistency with

previous work [8]. In our case, U f and HnR⇤ are calculated from �/H⇤, vw and ↵ using (6),

(11), (22) and the e�ciency factor from the literature [13].

Note that an SNR plot in the U f-HnR⇤ plane was first presented in [20]; it is a natural

choice of parameters, motivated by the results of simulations. Furthermore, contours of the

fluid turnover time HnR⇤/U f are straight lines on this plot; this combination quantifies the

expected importance of turbulence. Regions where the acoustic period will last for a Hubble

time are shaded on these SNR plots. Note that for producing the SNR curves the duration

of the source is taken to be the Hubble time or the fluid turnover time, whichever is shorter,

as the most conservative estimate possible [17, 20].

On the other hand, for an SNR plot in the �/H⇤-↵ plane, which is more practical for

model builders, the input parameters can be plotted directly, but the contours are deformed

by the inverse mapping from U f and HnR⇤ to ↵ and �/H⇤.

Figs. 2 and 3 show three example plots produced by the PTPlot tool. The two plots in

Fig. 2 display the SNR in the Ūf vs R⇤H⇤ and ↵ vs �/H⇤ parameter spaces. Figure 3 shows

the expected GW power spectrum for some example model and the LISA sensitivity curve.

All sensitivity plots presented in Sec. 6 were made with PTPlot.

20

α⋆ = 0.1
β/H⋆ = 50
Tn = 200 GeV

h2 Ωsw |peak ∼ 10−6 ( H⋆
β ) (κv α⋆)2

f |peak ∼ 10−5 Hz ( β
H⋆ ) ( T⋆

100 GeV ),

• Spectrum from sound waves:

Other contributions: bubble collisions 
and turbulence

Gravity wave spectrum Fig. from Jinno, 
Konstandin, Rubira, 
Stomberg 2209.04369

Figure 4: Kinetic energy v2 in di↵erent simulation snapshots: t = 2.7/� (top left), 5.4/�

(top right), 10.8/� (bottom left) and 20.1/� (bottom right). We use box size L = 40vw/�,

weak transitions and vw = 0.8.

while grid spacing and various sources of viscosity will lead to exponential damping in the

UV. A detailed discussion of this e↵ect will be provided below. Accordingly, di↵erent box

sizes will facilitate the best measurements for the various physical observables. Also notice

that the power spectrum is generally reduced by finite size e↵ects in the IR and UV. The loss

of power in the UV corresponds to a reduction in the average kinetic energy which we study

in App. D. Extrapolating to very large grid size, we estimate that this leads to a reduction

of the momentum-integrated GW signal by about 20%.

– 14 –

Fig. from LISA cosmology 
working group

Simone Blasi - COSMIC WISPers - 06.09.2023

SGWB 

energy density

over critical one

Ex: Spectrum from sound waves
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10 ... however ... impurities

★Impurities drastically modify the nucleation process

Bubble chamber

Nucleation sites

Figure: Bubble chamber

Simone Blasi - COSMIC WISPers - 06.09.2023

Supercool water
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11 ... however ... impurities

“If monopole (or vortex) solutions exist for a metastable or 
false vacuum, a finite density of monopoles (or vortices) can 
act as impurity sites that trigger inhomogeneous nucleation 
and decay of the false vacuum.”

“Now one has to ask the following question: Is the early 
universe really sufficiently pure in order for supercooling 
to take place? The aim of this paper is to show that in 
most cases the early universe is very pure. […] In this paper 
we consider ordinary particles as impurities.”

“In particle physics it is often assumed that phase 
transitions are nucleated by thermal fluctuations. In 
practice, […] except in very pure, homogeneous samples, 
phase transitions are often nucleated by various forms of 
impurities and inhomogeneities of nonthermal origin.”

“What if the transition was nucleated by impurities? In 
this case the mean spacing between bubbles has 
nothing to do with free energies of nucleation and is 
simply the spacing between the relevant impurities. ”

★Impurities can play a role also in cosmological phase transitions

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



12 Impurities in cosmological PT

★The nature of impurities for cosmological PT
✴ High energy collisions

✴ Compact objects like BH, 
gravitational effects

✴ Topological defects  
(strings, monopoles ...)

E.g. Affleck, De Luccia '79, --- Selivanov,Voloshin '85, --- Kuznetsov, Tinyakov '97 --- Strumia '23

2

II. BUBBLE NUCLEATION AROUND A
COMPACT OBJECT

A. Formalism

We consider a nucleation of a thin wall vacuum bubble
around a spherical object. If we assume that the system
is static, the metric inside and outside of the bubble can
be written as

ds2 = −C±(r±)dt
2
± +D±(r±)dr

2
± + r2±dΩ

2
2, (1)

where C± and D± are determined by the Einstein equa-
tion and will be specified later. The quantities associated
with the outer and inner region are labeled by the suffix
“+” and by “−”, respectively.
The thin wall vacuum bubble can be characterized by

its energy density, σ, and pressure, p. The ratio of p to
σ, w ≡ p/σ (equation-of-state parameter), is assumed
to be a constant. We here choose the scale of radial
coordinates r± so that r+ = r− ≡ R on the wall. A
schematic picture showing the vacuum decay process we
here assume is depicted in Fig. 1.
Introducing the extrinsic curvature on the outer (in-

ner) surface of the wall, K(+)
AB (K(−)

AB ), the energy-
momentum tensor (EMT) of wall, SAB, and the induced
metric on the wall, hAB, the dynamics of the thin wall
with ξA = (τ, θ,φ) is described by the Israel junction
conditions as

K(+)
AB −K(−)

AB = −8πG

(

SAB −
1

2
hABS

)

, (2)

√

C±D±K
(±)
AB = diag

(

−
dβ±

dR
,β±R,β±R sin2 θ

)

, (3)

SA
B ≡ diag (−σ, p, p) , hAB ≡ diag

(

−1, R2, R2 sin2 θ
)

,
(4)

where

β± ≡ ε±
√

C± + C±D±(dR/dτ)2, (5)

and τ is the proper time of the wall and ε± is the sign of
spatial components of extrinsic curvature. We here sim-
ply neglect the interaction between the horizonless object
and the bubble except for their gravitational interaction.
The case with such an interaction being taken into ac-
count will be discussed elsewhere (see also Refs. [85–87]
in the context of Q-ball in supersymmetric models with-
out taking gravity effects into account).
We are interested in the decay of Higgs vacuum, where

the metastable vacuum has a negligibly small vacuum en-
ergy and the true vacuum has a negative vacuum energy
ρv < 0. We also introduce a compact object at the origin
of the spatial coordinate, which modifies the metric be-
cause of the nonzero mass density ρc(r). For simplicity,
we here assume the EMT of the object which gives the
following static solutions of the Einstein equation:

C± = D−1
± = f±(r±) ≡ 1−2GM±(r±)/r±+H2

±r
2
±, (6)

catalyzing object

false vacuum true vacuum

wall σ, p

ρv

R

FIG. 1. A schematic picture showing a vacuum decay cat-
alyzed by a static and spherical object.

with

H+ = 0, H2
− ≡ −

8πG

3
ρv, (7)

M±(r±) ≡
∫ r±

0
dr̄±4πr̄

2
±ρ

(±)
c (r̄±). (8)

If we use an arbitrary mass density, ρ(±)
c (r), the compact

object does not satisfy the static Einstein equation un-

less an appropriate EMT for the chosen ρ(±)
c (r) exists.

Although in this case the metric (1) cannot be used, we
expect that we can use it to capture a qualitative re-
sult. To be more rigorous, in the Appendix, we calculate
the vacuum decay rate around a gravastar-like object,
which is constructed to be (approximately) static. We
specify its interior EMT and use the metrics consistent
with the specified EMT. Then one could find that the
aforementioned assumption for the metrics, (1), does not
qualitatively change our results and main conclusions.
Equation (2) now reduces to the following equations

d

dR
(β− − β+) = −8πG (σ/2 + p) , (9)

(β− − β+) = 4πGσ(R)R. (10)

One obtains σ = m1−2wR−2(1+w) by solving (9), where
m is the typical energy scale of the wall, and we can
rewrite (10) as

(

dz

dτ ′

)2

+ V (z) = −1, (11)

V (z) ≡ −
a+
z

−
z2

4

[

∆am̄2w−1z2w−1

4πH̄2w+1

+
z2(1+w)m̄2w−1

4πH̄2w+1
−

4πH̄2w+1

z2(1+w)m̄2w−1

]2

≤ 0,

(12)

where we re-defined the following non-dimensional vari-
ables and parameters:

z ≡ H−R, τ ′ ≡ H−τ, a± ≡ 2GM±H−,

∆a ≡ 2G(M+ −M−)H−, m̄ ≡ m/MPl, H̄ ≡ H−/MPl.
(13)

E.g. Hiscock '87, -- Gregory, Moss, Withers  '14, -- 
Grinstein, Murphy '15, -- El-Menoufi, Huber, Manuel '20, 
Balkin et al '21, Strumia ’22, Jinno et at. ‘23

Fig. from Oshita et al.1808.01382

E.g. Steinhardt '81, Hosotani '82, Witten '84, Yajnik 
'86, Preskill Vilenkin '92, --- Kumar et at '10, --
Agrawal, Nee '22

Fig. from Lee et al.1310.3005

The nature of impurities
• Compact objects, (not only) gravitational effects

• Primordial density fluctuations

• Topological defects (strings and monopoles)

Fig. from Jinno, 
Konstandin, Rubira, 
van de Vis, 
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Fig. from Lee et al., 
[1310.3005], PRD
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Fig. from Oshita, 
Yamada, Yamaguchi 
[1808.01382], PLB

• What about domain walls?

This talk:
• Higgs + Singlet (xSM)

• Thermal history

• New method for bounce

Hiscock, PRD, 1987;
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[1501.04937], PRL

Yajnik, PRD, 1986

Agrawal and Nee, 
[2202.11102]

…

(Coleman-de Luccia, PRD, 1980)
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13 Impurities in cosmological PT

★The nature of impurities for cosmological PT
✴ High energy collisions

✴ Compact objects like BH, 
gravitational effects

✴ Topological defects  
(strings, monopoles ...)

E.g. Affleck, De Luccia '79, --- Selivanov,Voloshin '85, --- Kuznetsov, Tinyakov '97 --- Strumia '23

2

II. BUBBLE NUCLEATION AROUND A
COMPACT OBJECT

A. Formalism

We consider a nucleation of a thin wall vacuum bubble
around a spherical object. If we assume that the system
is static, the metric inside and outside of the bubble can
be written as

ds2 = −C±(r±)dt
2
± +D±(r±)dr

2
± + r2±dΩ

2
2, (1)

where C± and D± are determined by the Einstein equa-
tion and will be specified later. The quantities associated
with the outer and inner region are labeled by the suffix
“+” and by “−”, respectively.
The thin wall vacuum bubble can be characterized by

its energy density, σ, and pressure, p. The ratio of p to
σ, w ≡ p/σ (equation-of-state parameter), is assumed
to be a constant. We here choose the scale of radial
coordinates r± so that r+ = r− ≡ R on the wall. A
schematic picture showing the vacuum decay process we
here assume is depicted in Fig. 1.
Introducing the extrinsic curvature on the outer (in-

ner) surface of the wall, K(+)
AB (K(−)

AB ), the energy-
momentum tensor (EMT) of wall, SAB, and the induced
metric on the wall, hAB, the dynamics of the thin wall
with ξA = (τ, θ,φ) is described by the Israel junction
conditions as

K(+)
AB −K(−)

AB = −8πG

(

SAB −
1

2
hABS

)

, (2)

√

C±D±K
(±)
AB = diag

(

−
dβ±

dR
,β±R,β±R sin2 θ

)

, (3)

SA
B ≡ diag (−σ, p, p) , hAB ≡ diag

(

−1, R2, R2 sin2 θ
)

,
(4)

where

β± ≡ ε±
√

C± + C±D±(dR/dτ)2, (5)

and τ is the proper time of the wall and ε± is the sign of
spatial components of extrinsic curvature. We here sim-
ply neglect the interaction between the horizonless object
and the bubble except for their gravitational interaction.
The case with such an interaction being taken into ac-
count will be discussed elsewhere (see also Refs. [85–87]
in the context of Q-ball in supersymmetric models with-
out taking gravity effects into account).
We are interested in the decay of Higgs vacuum, where

the metastable vacuum has a negligibly small vacuum en-
ergy and the true vacuum has a negative vacuum energy
ρv < 0. We also introduce a compact object at the origin
of the spatial coordinate, which modifies the metric be-
cause of the nonzero mass density ρc(r). For simplicity,
we here assume the EMT of the object which gives the
following static solutions of the Einstein equation:

C± = D−1
± = f±(r±) ≡ 1−2GM±(r±)/r±+H2

±r
2
±, (6)

catalyzing object

false vacuum true vacuum

wall σ, p

ρv

R

FIG. 1. A schematic picture showing a vacuum decay cat-
alyzed by a static and spherical object.

with

H+ = 0, H2
− ≡ −

8πG

3
ρv, (7)

M±(r±) ≡
∫ r±

0
dr̄±4πr̄

2
±ρ

(±)
c (r̄±). (8)

If we use an arbitrary mass density, ρ(±)
c (r), the compact

object does not satisfy the static Einstein equation un-

less an appropriate EMT for the chosen ρ(±)
c (r) exists.

Although in this case the metric (1) cannot be used, we
expect that we can use it to capture a qualitative re-
sult. To be more rigorous, in the Appendix, we calculate
the vacuum decay rate around a gravastar-like object,
which is constructed to be (approximately) static. We
specify its interior EMT and use the metrics consistent
with the specified EMT. Then one could find that the
aforementioned assumption for the metrics, (1), does not
qualitatively change our results and main conclusions.
Equation (2) now reduces to the following equations

d

dR
(β− − β+) = −8πG (σ/2 + p) , (9)

(β− − β+) = 4πGσ(R)R. (10)

One obtains σ = m1−2wR−2(1+w) by solving (9), where
m is the typical energy scale of the wall, and we can
rewrite (10) as

(

dz

dτ ′

)2

+ V (z) = −1, (11)

V (z) ≡ −
a+
z

−
z2

4

[

∆am̄2w−1z2w−1

4πH̄2w+1

+
z2(1+w)m̄2w−1

4πH̄2w+1
−

4πH̄2w+1

z2(1+w)m̄2w−1

]2

≤ 0,

(12)

where we re-defined the following non-dimensional vari-
ables and parameters:

z ≡ H−R, τ ′ ≡ H−τ, a± ≡ 2GM±H−,

∆a ≡ 2G(M+ −M−)H−, m̄ ≡ m/MPl, H̄ ≡ H−/MPl.
(13)

Fig. from Oshita et al.1808.01382

E.g. Steinhardt '81, Hosotani '82, Witten '84, Yajnik 
'86, Preskill Vilenkin '92, --- Kumar et at '10, --
Agrawal, Nee '22

Fig. from Lee et al.1310.3005

The nature of impurities
• Compact objects, (not only) gravitational effects

• Primordial density fluctuations

• Topological defects (strings and monopoles)
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van de Vis, 
[2108.11947], JCAP

Fig. from Lee et al., 
[1310.3005], PRD

(Haberichterb et al. [1506.05838], Dupuis et al. [1506.05091])

Fig. from Oshita, 
Yamada, Yamaguchi 
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• What about domain walls?

This talk:
• Higgs + Singlet (xSM)

• Thermal history

• New method for bounce
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[1501.04937], PRL

Yajnik, PRD, 1986

Agrawal and Nee, 
[2202.11102]

…
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5

SB & Mariotti, [2203.16450]

★In rest of the talk:

EW phase transition can occur through 
impurities (Domain Walls) in minimal BSM scenarios

Blasi, Mariotti ’22; Agrawal, Blasi, Mariotti, Nee ‘23

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting

E.g. Hiscock '87, -- Gregory, Moss, Withers  '14, -- 
Grinstein, Murphy '15, -- El-Menoufi, Huber, Manuel '20, 
Balkin et al '21, Strumia ’22, Jinno et at. ‘23



Topological defects
Field theory: classical solutions to the EoM 

ℤ2 → ∅

σDW ∼ v3
s

Domain wall tension:

Simone Blasi - COSMIC WISPers - 06.09.2023

Topological defects
Relics of PTs depending on topology of vacuum manifold M, not on the strength

Defect Dimension Homotopy
Domain walls 2 𝜋0(𝑀)

Strings 1 𝜋1(𝑀)
Monopoles Point-like 𝜋2(𝑀)

Textures - 𝜋3(𝑀)

[Zel’dovich et al. 74, Kibble 76]

Fig. from Ringeval
2010

𝑈 1 strings

Cosmic strings and other 
topological defects, 
Vilenkin & Shellard

𝑉 𝜙

𝜙

+𝑣−𝑣

z

x
y

−𝑣

+𝑣

𝜙(𝑧)

𝑍2 domain walls

DW ∈ 𝑥 − 𝑦
6

14 Why Topological defects as impurities

★Remnants of PT depending on vacuum manifold topology

Their dynamics can 

source gravitational 

waves

[Zel'dovich et al. '74, Kibble '76]

★What is the origin of the topological defects?

★Classical solutions to the EoM

Ex:

DW Tension
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�DW ⇠ v3s

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



Topological defects impact cosmology in many directions:

15 Roles of cosmological defects

★Topological defects are present if EW symmetry breaking is 
final step of a multi-step breaking of larger symmetry group

Typical in  

unified theories

Topological defects as seeds in EW phase transition

✴Sources of gravitational waves

✴Contribute to dark matter

✴Link to primordial black holes

✴ Induce baryogenesis

✴Also observable effects on late time

A.Vilenkin and E.P.S.Shellard, Cambridge University Press

Hiramatsu et al. ’12
Gorghetto et al. ’18, 

Rubakov ’82, Cline et at. ’99, Daido et al ’15

Ferreira et al. ‘23

Pujolas et. al ‘22
Ferrer et. al ‘18

Defects are interesting! 

SB, Brdar, Schmitz, 
[2004.02889], PRR (Fig.)

Gouttenoire, Servant, Simakachorn
[1912.02569] & [1912.03245], JCAP

Cui, Lewicki, Morrissey, Wells,
[1808.08968], JHEP

Cosmic archaeology

Gorghetto, Hardy, Villadoro, 
[1806.04677], JHEP

Particle production

O’Hare, Pierobon, Redondo,
Wong, [2112.05117], PRD

Axions,
ALPs

Domain walls

Fig. from Saikwa’s
review, [1703.02576]

SB, Mariotti, Rase, Sevrin, 
Turbang, in prep.

Ferreira, Notari, Pujolàs, 
Rompineve, [2107.07542], PRL

SB, Brdar, Schmitz, 
[2009.06607], PRL (Fig.)

Hybrid defects

Fig. Dunsky, Ghoshal, Murayama, 
Sakakihara, White, [2111.08750]

Buchmuller, Domcke, 
Murayama, Schmitz, 
[1912.03695], PLB

Ellis, Lewicki, [2009.06555], PRL

String superconductivity

Agrawal, Hook, Huang, 
Marques-Tavares, 
[2010.15848], JHEP (Fig.)

Auclair, SB, Brdar, Schmitz,
in prep.

Nucleation sites, 
impurities

First detection?!

7

Fig. from Gorghetto PhD 
thesis, 2019

Fig. from Agrawal et. al 2010.15848

Witten ‘81
Eg: Superconducting Strings

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



The extended SM (xSM)
Electroweak phase transition

The EWPT (2.) is first order already 
in the leading high-T approximation

m2
ϕ → m2

ϕ − cT2
S 

se
lf 

qu
ar

tic

mS = 300 GeV

2nd order

Wrong vacuum

2step fails

2step

S-Higgs portal

Fig. adapted from Kurup, Perelstein [1704.03381] PRD
4

16 Simplest model for EW FOPT
★Higgs (h) plus Singlet S with a 

The electroweak PT in the SM + scalar singlet
• Probably simplest new physics scenario with 

strong first order EWPT, tree-level barrier

• When 𝑍2 symmetry  𝑆 → −𝑆 imposed difficult 
to test at colliders (nightmare scenario)

• One of most popular benchmarks for 
gravitational wave signals

• Minimal mechanism for EW baryogenesis
when 𝑍2 = CP

• New confining group as possible UV 
completion, next-to-miniml Composite Higgs

Gripaios, Pomarol, Riva, Serra  [0902.1483]  JHEP

Espinosa, Gripaios, Konstandin, Riva [1110.2876] JCAP

Espinosa, Konstandin, Riva [1107.5441] NPB

Caprini et al. [1512.06239] JCAP 

Curtin, Meade, Yu [1409.0005] JHEP

8

Two-step electroweak
phase transition

h

S

1.
2.

𝑉 = −
1
2
(𝜇2−𝑐ℎ𝑇2)ℎ2 +

1
4
𝜆 ℎ4

−
1
2
(𝑚2−𝑐𝑠𝑇2)𝑆2 +

1
4
𝜂 𝑆4

+
1
2
𝜅 ℎ2𝑆2★The electroweak phase transition occurs in two steps

★Many pheno studies on Higgs Singlet EWPT
✴ Simplest new physics scenario with strong EW FOPT

✴ Minimal mechanism for EW baryogenesis

✴ Benchmark for gravitational wave signals

✴ Singlet is challenging to detect at colliders

Z2 : S ! �S

GEW ⇥ Z2 �! GEW �! U(1)em ⇥ Z21. 2.

[Espinosa, Konstandin, Riva 1107.5441]

[Curtin, Meade, Yu 1409.0005]

✦ Order O(1000) papers on this model in last 10 years

[Espinosa, Gripaios, Konstandin, Riva 1110.2876]

[Caprini et al 1512.06239]
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Tn

H the Hubble rate. For a homogeneous transition this is controlled by the gradient of

the bounce action around the nucleation temperature. On the other hand, a catalysed

transition possesses two characteristic time scales: the first one is given by the inverse

of the nucleation rate around the impurity, and the second one relates to the average

distance between the impurities. In the following, we shall indicate by sparse a network in

which the latter time scale is much greater than the one from the intrinsic nucleation rate,

whereas the network will be referred to as dense in the opposite regime. In our analysis

we will highlight the di↵erences between both networks and the homogeneous transition,

with the most significant distinction being the de-correlation between the latent heat and

the average bubble size for sparse networks. We will additionally derive the conditions

for successful percolation for decays seeded by impurities of arbitrary codimension D by

generalizing the results of ref. [91] for point–like defects such as monopoles.

The GW spectrum from catalysed transitions is analysed for both sparse and dense

networks by using a thin wall approximation to the bounce action. This allows for an

e�cient scan of the relevant parameter space, and we leave a more complete analysis for

future work. Generically, we find that when both processes are viable, the catalysed decay

results in a smaller signal amplitude as bubbles nucleate closer to the critical temperature

and less energy is released in the transition. However, the presence of defects allows

the transition to complete in new regions of parameter space which can lead to a large

latent heat being released. For the case of sparse networks the bubble size at collision

is also significantly larger, leading to the production of long–lasting sound waves. This

results in an enhanced GW signal which is peaked at lower frequencies than is typical

of homogeneous transitions occurring at the same temperature. This behaviour has been

observed in simulations of the catalysed transition from domain walls [92], allowing us to

connect our analysis with the expected GW signal.

The rest of this paper is organised as follows. In section 2 we discuss the model

parameter space and the cosmological history of the model, focusing on the formation of

domain walls and the details of the electroweak phase transition for parameters where

it is first order. The details of the mountain pass algorithm and a comparison between

the homogeneous and seeded phase transition is presented in section 3. In section 4 we

discuss the impact of catalysing defects on the various thermodynamic quantities relevant

for describing the phenomenology of the transition. Finally, in section 5 we compare the

features of the GW signal between the homogeneous and catalysed transitions.

2 The xSM and its thermal history

In this section we review the singlet-extended SM (xSM) and its thermal history in the Z2

symmetric limit, with an emphasis on domain wall formation and its consequences. The

tree–level scalar potential dictated by the Z2 symmetry under which S is odd and all other

fields are even is

V (h, S) = �µ2
h|H|2 + �|H|4 � µ2

s

2
S2 +

⌘

4
S4 + |H|2S2, (2.1)

– 4 –
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17 ... but Domain Walls …
★Domain walls are formed in first step!

✴Disconnected vacuum manifold after first step
✴Walls are formed at boundaries between different domains

What about domain walls?
Vacuum manifold is disconnected after the first step: two 
vacua  related by 


Walls are formed at the boundaries between different domains, 
with tension 


After EWSB true vacuum has , domain walls will 
eventually decay: no issue with cosmology

±vS S → − S

σw ∼ v3
S

⟨S⟩ = 0

Transient defects

“Cosmic strings and other topological 
defects”, Vilenkin and Shellard

See e.g. Espinosa, 
Gripaios, Konstandin, Riva 
[1110.2876] JCAP
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They impact the mechanism of the EW phase transitions
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Rolling Seeded tunneling

★Domain walls are formed in first step!



19 The rolling (classical instability) Blasi, AM 2203.16450

★Domain walls can become classically unstable while the Universe cools down
★Developing a region of the true vacuum in their interior, and then dissociate
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★Domain walls can become classically unstable while the Universe cools down
★Developing a region of the true vacuum in their interior, and then dissociate
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Steinhardt ’81: Same phenomena for monopoles
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★Domain walls can become classically unstable while the Universe cools down
★Developing a region of the true vacuum in their interior, and then dissociate
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field redefinitions and rescaling of the space time coordi-
nates) the potential (7) will have a global minimum at
S = ±1 for � > µ4 allowing for the domain wall solution
(9) (the temperature dependence is here left implicit).
Focussing on the case where the remaining parameters
are such that !2

0 < 0, the new stable configuration can be
obtained exactly for very special values of �, see e.g. [61],
namely � = (�2µ2)/(2�2µ2�1). The vacuum struc-
ture of this toy benchmark is then actually equivalent to
have a Higgs instability above Tc, with the advantage
that the stable profiles are known:

S(z) = tanh(z/�), (41)

h(z) =
q

1/+ 2µ2/� 2 sech(z/�), (42)

where � = (� µ2)1/2.
We can now try to approximate this exact result in our

3d theory, where the problem of finding the stable con-
figurations (41) and (42) is equivalent to searching for
the minimum of the potential Ṽ . Discrete and scatter-
ing states will then take a vev in the new vacuum, thus
modifying the overall profiles along z according to the
superposition in (12).

In practice there are three ways to minimize the 3d po-
tential: i) Include a (large enough) number of scattering
states together with the discrete modes and minimize a
multi field potential. This way is the most reliable but it
may become unpractical for a large number of fields. ii)
Include a (large enough) number of scattering states and
integrate them out at tree level in favour of an e↵ective
potential for h0 and s0 only, according to the discussion
in Sec. IVA. iii) Neglect the scattering states altogether
and minimize the quartic potential for s0 and h0 in (26).
This corresponds to the lowest level of accuracy.

We compare these di↵erent options in Fig. 4 for a rep-
resentative choice of µ2 and . The exact solutions (41)
and (42) are shown by the blue lines. The results employ-
ing i) are shown in orange, where we have included KK
states up to masses ⇠ 10|!0| for the two towers, and tak-
ing the size of the box to be 2L ' 50m�1. The green line
shows the solution integrating out KK states according
to ii) up to masses ⇠ 15|!0| with O(1/m4

KK) accuracy,
using the same value for the size of the box. Finally, the
red line is obtained by neglecting altogether the KK con-
tribution to the potential according to iii), and is based
on the terms given in (26).

As we can see, options i) and ii) provide a quantitative
agreement with the exact result, and improve on the sim-
plest approach iii). The location of the global minimum
in terms of h0 turns out to be h0 ' 1.7, and the ratio in
(29) evaluates to ⇠ 0.3 confirming the reliability of the
expansion.

After having validated our 3d methods by reproduc-
ing these non–trivial results, let us now move to study
more phenomenologically interesting benchmarks in the
singlet–extended SM, where the unperturbed domain
wall can develop an instability above Tc in some part
of the parameter space.
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Figure 4. The new stable configuration approached by the
system following an instability of the unperturbed domain
wall above the critical temperature in a toy benchmark of the
Higgs–singlet model. The h and S profiles are respectively
even and odd for z ! �z. The dashed gray line shows the
unperturbed domain wall which turns unstable when !

2

0 < 0.
Blue lines show the exact profiles of the stable configuration.
The remaining colorful lines approximate the exact solutions
according to the 3d methods discussed in the text: i) minimiz-
ing the multi field potential (orange), ii) integrating out the
KK fields at tree level and minimize the e↵ective two–field po-
tential for the discrete states (green), iii) neglect altogether
the KK states and minimize the two–field potential for the
discrete states (red). Once the minimum in terms of the 3d
fields is found in the various approximation schemes, the over-
all profile along z can be reconstructed via (12). The model
parameters were taken to be m = 1, ⌘ = 1, µ2 = 5/12 and
 = 2/3 (with these choices one also has vs = 1).

We find that this is in fact the case in the region
shaded in dark red in Fig. 3 for the choice mS = 180
GeV, (whereas this is never realized in our other scan
in Fig. 5 with mS = 250 GeV). For these points we find
that the rolling temperature Tr is only slightly above the
critical temperature, so that a stable domain wall with a
Higgs core may last only shortly. When the temperature
drops below Tc, no global minimum is found in the region
where the e↵ective theory is valid, in agreement with the
intuition that domain walls with a non–vanishing Higgs
profile should start dissociating when the true vacuum is
the one with S = 0.

The seeded vacuum decay in this case may resemble a
very weakly first–order electroweak phase transition oc-
curring at Tc, with the notable di↵erence that the process
is not controlled by the bubble nucleation rate, but rather
by the number of domain walls per hubble patch and their
velocity [7]. This means that the time for completing the
phase transition may di↵er significantly when compared
to this first–order analogue. Possible phenomenological
implications are discussed in more detail in Sec. VI.
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★Domain walls can become classically unstable while the Universe cools down
★Developing a region of the true vacuum in their interior, and then dissociate
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• In our scan over parameter space 𝑇roll ≈ 𝑇𝑐 (𝑚𝑆 = 180 GeV) or not found (𝑚𝑆 = 250 GeV)

• 3d perspective: dissociation means stable minimum within EFT validity is no longer found

• Dissociation as weakly first order transition with 𝑇𝑛 ∼ 𝑇𝑐

Incr. important KK vevs

h

S

20

<latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

DWs develop
 an Higgs core

<latexit sha1_base64="4B2c47tLPHs9GxFQSB8JfWChn3E=">AAAB8nicbVDLSgMxFL1TX7W+qi7dDBbBVZkRX8uiG5cV+oLpUDJp2oZmkiG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMPufdEieAGPe/bKaytb2xuFbdLO7t7+wflw6OWUammrEmVULoTEcMEl6yJHAXrJJqROBKsHY3vZ377iWnDlWzgJGFhTIaSDzglaKWg0cu0EjY8nPbKFa/qzeGuEj8nFchR75W/un1F05hJpIIYE/hegmFGNHIq2LTUTQ1LCB2TIQsslSRmJszmK0/dM6v03YHS9kl05+rvREZiYyZxZCdjgiOz7M3E/7wgxcFtmHGZpMgkXXw0SIWLyp3d7/a5ZhTFxBJCNbe7unRENKFoWyrZEvzlk1dJ66LqX1evHi8rtbu8jiKcwCmcgw83UIMHqEMTKCh4hld4c9B5cd6dj8Vowckzx/AHzucPwVSRlA==</latexit>

Trolling

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
DWs dissociate

into the true vacuum

Steinhardt ’81: Same phenomena for monopoles

Figure from Simone

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



23 Seeded vs homogeneous nucleation

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

Field space trajectories

★Tunneling can occur in two competing processes

★Far from the DW: homogeneus tunneling

★On the DW: seeded tunneling

✴ The field space trajectories differ in the two cases 

★If classically stable, Domain wall can act as seeds for the EW phase transition

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting

Blasi, AM 2203.16450
Agrawal, Blasi, Nee, AM ‘23



Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

24
Cosmological history of Seeded vs homogeneous PT

High - T
<latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
EW vacuum becomes
energetically favored

<latexit sha1_base64="J9Sk6W8SUdUfcPAjxySKa7/baH8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWOFfmEby2YzaZduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZub5CWdKO863VVhZXVvfKG6WtrZ3dvfK+wctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisWjocYJeRAaChYwSbaSHRl88ZgoxmPTLFafqzGAvEzcnFchR75e/ekFM0wiFppwo1XWdRHsZkZpRjpNSL1WYEDoiA+waKkiEystmF0/sE6MEdhhLU0LbM/X3REYipcaRbzojoodq0ZuK/3ndVIfXXsZEkmoUdL4oTLmtY3v6vh0wiVTzsSGESmZutemQSEK1CalkQnAXX14mrbOqe1m9uD+v1G7yOIpwBMdwCi5cQQ3uoA5NoCDgGV7hzVLWi/VufcxbC1Y+cwh/YH3+AMZgkQA=</latexit>

T seed
n

Bubbles of EW vacuum 
nucleate on the DW’s

<latexit sha1_base64="SCdw5D0IVcHFV8lMy7jA168H6ig=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRl/2yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgE0jI3D</latexit>

Tn
“Would be” 

homogeneous tunneling

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting
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Cosmological history of Seeded vs homogeneous PT

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

<latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
EW vacuum becomes
energetically favored

<latexit sha1_base64="J9Sk6W8SUdUfcPAjxySKa7/baH8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWOFfmEby2YzaZduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZub5CWdKO863VVhZXVvfKG6WtrZ3dvfK+wctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisWjocYJeRAaChYwSbaSHRl88ZgoxmPTLFafqzGAvEzcnFchR75e/ekFM0wiFppwo1XWdRHsZkZpRjpNSL1WYEDoiA+waKkiEystmF0/sE6MEdhhLU0LbM/X3REYipcaRbzojoodq0ZuK/3ndVIfXXsZEkmoUdL4oTLmtY3v6vh0wiVTzsSGESmZutemQSEK1CalkQnAXX14mrbOqe1m9uD+v1G7yOIpwBMdwCi5cQQ3uoA5NoCDgGV7hzVLWi/VufcxbC1Y+cwh/YH3+AMZgkQA=</latexit>

T seed
n

Bubbles of EW vacuum 
nucleate on the DW’s

<latexit sha1_base64="SCdw5D0IVcHFV8lMy7jA168H6ig=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRl/2yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgE0jI3D</latexit>

Tn
“Would be” 

homogeneous tunneling

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting

DW
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Cosmological history of Seeded vs homogeneous PT

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

<latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
EW vacuum becomes
energetically favored

<latexit sha1_base64="J9Sk6W8SUdUfcPAjxySKa7/baH8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWOFfmEby2YzaZduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZub5CWdKO863VVhZXVvfKG6WtrZ3dvfK+wctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisWjocYJeRAaChYwSbaSHRl88ZgoxmPTLFafqzGAvEzcnFchR75e/ekFM0wiFppwo1XWdRHsZkZpRjpNSL1WYEDoiA+waKkiEystmF0/sE6MEdhhLU0LbM/X3REYipcaRbzojoodq0ZuK/3ndVIfXXsZEkmoUdL4oTLmtY3v6vh0wiVTzsSGESmZutemQSEK1CalkQnAXX14mrbOqe1m9uD+v1G7yOIpwBMdwCi5cQQ3uoA5NoCDgGV7hzVLWi/VufcxbC1Y+cwh/YH3+AMZgkQA=</latexit>

T seed
n

Bubbles of EW vacuum 
nucleate on the DW’s

<latexit sha1_base64="SCdw5D0IVcHFV8lMy7jA168H6ig=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRl/2yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgE0jI3D</latexit>

Tn
“Would be” 

homogeneous tunneling

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting
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Cosmological history of Seeded vs homogeneous PT

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

Nucleation probability is enhanced around the 
impurities (DW) in the early Universe <latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
EW vacuum becomes
energetically favored

<latexit sha1_base64="J9Sk6W8SUdUfcPAjxySKa7/baH8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWOFfmEby2YzaZduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZub5CWdKO863VVhZXVvfKG6WtrZ3dvfK+wctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisWjocYJeRAaChYwSbaSHRl88ZgoxmPTLFafqzGAvEzcnFchR75e/ekFM0wiFppwo1XWdRHsZkZpRjpNSL1WYEDoiA+waKkiEystmF0/sE6MEdhhLU0LbM/X3REYipcaRbzojoodq0ZuK/3ndVIfXXsZEkmoUdL4oTLmtY3v6vh0wiVTzsSGESmZutemQSEK1CalkQnAXX14mrbOqe1m9uD+v1G7yOIpwBMdwCi5cQQ3uoA5NoCDgGV7hzVLWi/VufcxbC1Y+cwh/YH3+AMZgkQA=</latexit>

T seed
n

Bubbles of EW vacuum 
nucleate on the DW’s

<latexit sha1_base64="SCdw5D0IVcHFV8lMy7jA168H6ig=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRl/2yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgE0jI3D</latexit>

Tn
“Would be” 

homogeneous tunneling
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Cosmological history of Seeded vs homogeneous PT

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom.

seeded

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

10

Nucleation probability is enhanced around the 
impurities (DW) in the early Universe <latexit sha1_base64="AhZZrVW7pagvkiRDh+UHTZyvOHw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaT4WhbduKzQF7YhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBwpnSjvNtra1vbG5tl3bKu3v7B4f20XFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Pvc7EyoVi0VTTxPqRXgoWMgI1kbybbvpZ/0I61EQZE8zvzbz7YpTdeZAq8QtSAUKNHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNZuZ8qmmAyxkPaM1TgiCovmyefoXOjDFAYS/OERnP190aGI6WmUWAm85Bq2cvF/7xeqsNbL2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbssqmBHf5y6ukXau619Wrx8tK/a6oowSncAYX4MIN1OEBGtACAhN4hld4szLrxXq3Phaja1axcwJ/YH3+AKNZk60=</latexit>

TZ2

First step of the PT
Domain Walls form

<latexit sha1_base64="RAYq9R9naucl36FvrNupB9DPGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRp/1yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgEj4I24</latexit>

Tc
EW vacuum becomes
energetically favored

<latexit sha1_base64="J9Sk6W8SUdUfcPAjxySKa7/baH8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWOFfmEby2YzaZduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZub5CWdKO863VVhZXVvfKG6WtrZ3dvfK+wctFaeSYpPGPJYdnyjkTGBTM82xk0gkkc+x7Y9up377CaVisWjocYJeRAaChYwSbaSHRl88ZgoxmPTLFafqzGAvEzcnFchR75e/ekFM0wiFppwo1XWdRHsZkZpRjpNSL1WYEDoiA+waKkiEystmF0/sE6MEdhhLU0LbM/X3REYipcaRbzojoodq0ZuK/3ndVIfXXsZEkmoUdL4oTLmtY3v6vh0wiVTzsSGESmZutemQSEK1CalkQnAXX14mrbOqe1m9uD+v1G7yOIpwBMdwCi5cQQ3uoA5NoCDgGV7hzVLWi/VufcxbC1Y+cwh/YH3+AMZgkQA=</latexit>

T seed
n

Bubbles of EW vacuum 
nucleate on the DW’s

<latexit sha1_base64="SCdw5D0IVcHFV8lMy7jA168H6ig=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRl/2yxW36s5B/hIvJxXIUe+XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzU+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HRKNgRv+eW/pHVW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShCQyG8AQv8OoI59l5c94XrQUnnzmEX3A+vgE0jI3D</latexit>

Tn
“Would be” 

homogeneous tunneling

How to characterize and compute the seeded tunneling?
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★Look for nucleation probability at the DW location

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

DW

DW

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

Geometry of seeded critical bubble

O(2) symmetry on the DW plane

DW

�S ⇠ T 3e�S2/T

✴Nucleation rate/surface set by O(2) bounce action

✴Seeded nucleation condition

Seeded vs homogeneous nucleation

Remind for comparison 
homogeneous tunneling
�V (T ) ⇠ T 4e�S3(T )/T

�V (Tn) ⇠ H(Tn)
4Nucleation:

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting
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seed
n ) ⇠ 1
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H

3(T seed
n )



30 Seeded vs homogeneous nucleationSeeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

DW

DW

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

Geometry of seeded critical bubble

O(2) symmetry on the DW plane

DW

�S ⇠ T 3e�S2/T

✴Nucleation rate/surface set by O(2) bounce action

✴Seeded nucleation condition
✦Bounce action for the O(2) 

symmetric seeded bubble
✦How to compute it?

★Look for nucleation probability at the DW location

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting
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31 Thin wall approximation

Seeded tunneling rate: thin wall limit

• Geometrical approach to estimate the energy of the critical
bubble configuration

𝐸 𝑅 ≃ 4𝜋𝑅2 𝜎B −
4
3
𝜋𝑅3𝜖 − 𝜋𝑅2𝜎DW

Gain by eating up 
domain wall surface

−𝑣𝑠 +𝑣𝑠𝝈𝐃𝐖

𝝈𝐁
(Valid at 𝑇 ∼ 𝑇𝑐) • Domain walls do catalyze the phase transition

S2/T ∼ ΔE/T

★Domain walls catalyze phase transition

E(R) ' 4⇡R2�B � 4

3
⇡R3�V � ⇡R2�DW

Surface tension 
of the bubble

Potential 
energy 

difference
Tension of 

the DW

Seeded tunneling rate: thin wall limit

• Geometrical approach to estimate the energy of the critical
bubble configuration

𝐸 𝑅 ≃ 4𝜋𝑅2 𝜎B −
4
3
𝜋𝑅3𝜖 − 𝜋𝑅2𝜎DW

Gain by eating up 
domain wall surface

−𝑣𝑠 +𝑣𝑠𝝈𝐃𝐖

𝝈𝐁
(Valid at 𝑇 ∼ 𝑇𝑐) • Domain walls do catalyze the phase transition

S2/T ∼ ΔE/T

Assume bubble on DW O(3) 
spherical for simplicity★Thin wall approximation to estimate energy of critical 

bubble

Gain of eating 
DW inside 

bubble

As in Homogeneous PT

Rate ⇠ e��E/T
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32 Kaluza Klein reduction method

★Study 3-dimensional theory on the domain wallSeeded phase transition: Kaluza-Klein decomposition

• Expand the fields around the domain wall background, 
and integrate over the orthogonal direction

𝑆 = 𝑆DW 𝑧 +
𝑘

𝑠𝑘 𝑥𝜇 𝜎𝑘 𝑧

ℎ =
𝑘

ℎ𝑘 𝑥𝜇 𝜙𝑘 𝑧

𝑥𝜇 = 𝑡, 𝑥, 𝑦

z

𝒔𝒌, 𝒉𝒌

• Study the 3d theory on the DW plane, 
interaction from overlap integrals with 𝑉(ℎ, 𝑆)

−𝜙𝑘′′ 𝑧 + 𝜅 𝑆DW2 𝑧 − 𝜇2 𝜙𝑘 𝑧 = 𝜔𝑘
2 𝜙𝑘(𝑧)

−𝜎𝑘′′ 𝑧 + 3𝜂 𝑆DW2 𝑧 − 𝑚2 𝜎𝑘 𝑧 = 𝑚𝑘
2𝜎𝑘(𝑧)

• Profiles are chosen in order to have canonical 3d fields:

• Take advantage of the gap to integrate 
continuum states out in favor of EFT for ℎ0, 𝑠0

ℎ0

𝑠0

13

✴ KK spectrum contains massive localized states gapped to a continuum
✴ Bound states correspond to localized profiles in the z-direction
✴ Scattering states correspond to continuum

4

is the typical curvature radius) equals the vacuum pres-
sure due to the bias, ✏ ⇠ c v5s/MPl with c a O(1) coe�-
cient. We then obtain

Tann

vs
⇠ 0.5

c1/2

⇠1/2⌘1/4
, (11)

where the Planck scale drops out from the calculation as
this sets both the typical curvature radius through Hub-
ble and the size of the bias. We then conclude that a Z2

explicit breaking due to gravity is generically not enough
to make the domain walls collapse before the electroweak
phase transition, as Tann in (11) can easily be below the
nucleation temperature.

We nevertheless note that the model can have a vi-
able phenomenology also with an exact Z2 symmetry:
even though scalar singlet dark matter with large portal
coupling to the Higgs boson is almost excluded for the
mass range of interest, S needs not to be the lightest
state charged under this symmetry. In addition, domain
walls are anyways collapsed at the end of the electroweak
phase transition ensuring no contradiction with standard
cosmology.

IV. FORMALISM FOR THE SEEDED PHASE
TRANSITION

The seeded phase transition can be described as a pro-
cess in which the unperturbed domain wall is modified
by the onset of a Higgs vev at its core eventually filling
up the whole space. As mentioned in Sec. II, this can
occur either via a classical instability of the unperturbed
domain wall profile (rolling), or, if this configuration is
metastable, via thermal or quantum tunneling.

Both these scenarios can be captured by analyzing the
lower–dimensional e↵ective theory obtained by perform-
ing a KK decomposition along the direction orthogonal to
the domain wall. This strategy is discussed in Sec. IVA.
In addition, we can gain further physical intuition by re-
sorting to a thin wall approximation in which the role of
the pre–exhisting domain wall becomes manifest in facil-
itating the tunneling to the true vacuum. This will be
the topic of Sec. IVB.

Interestingly, these two formalisms can actually de-
scribe the tunneling process in complementary temper-
ature ranges, namely far from Tc (KK decomposition),
and close to Tc (thin wall), as we shall discuss in detail
in Sec. V.

A. Kaluza–Klein decomposition

The starting point is to make an ansatz for the singlet
and the Higgs field in the background of the unperturbed
domain wall as

S = SDW(z)+
X

k

sk(x)�k(z), h =
X

k

hk(x)�k(z) (12)

m0

mKK

ω0

ωKK

...

Singlet Higgs

3d
sp
ec
tru
m

Figure 1. A cartoon of the spectrum of the 3d theory ac-
cording to the eigenvalue equations (13) and (14). The singlet
modes consist of a single bound state (neglecting the massless
mode from the breaking of translational invariance) with mass
m

2

0 > 0 indicated by the solid line, together with a sketch of its
localized profile. On top of this there is a gapped continuum of
KK states shown by the upper gray region, with plane–wave
asymptotic behaviour. The Higgs spectrum is qualitatively
the same besides the fact that more discrete modes can in
principle be present, and that the mass of the lightest state
!

2

0 needs not to be positive.

where SDW(z) is the profile given in Eq. (9), which is a
solution to the equations of motion together with h = 0,
and we have denoted by x the remaining three space-
time coordinates. The sum runs over a complete set of
eigenfunctions, �k(z) and �k(z). The ansatz (12) can
be plugged into the 4d action of the Higgs–singlet model
in order to obtain a theory for the 3d modes sk(x) and
hk(x), which will allow us to study the occurrence of
classical instabilities, and furthermore to calculate the
seeded tunneling rate as a standard homogeneous pro-
cess in three spacetime dimensions.
The 4d potential (7) is of course temperature depen-

dent. This means that in principle a new decomposition
needs to be performed at each temperature of interest.
As we shall see, however, in some limits such as the lead-
ing high temperature expansion this is not necessary. We
will then first present our procedure at T = 0 and then
discuss a simple way to extend it at finite temperature.
In order to diagonalize the quadratic part of the 3d

action, the profiles �k and �k are taken to be solutions
to the eigenvalue equations

� �00
k + (3⌘S2

DW(z)�m2)�k = m2
k�k, (13)

� �00
k + (S2

DW(z)� µ2)�k = !2
k�k, (14)

which correspond to a Pösch–Teller potential and can
be solved exactly in terms of Legendre polynomials. A
cartoon of the spectrum for the Higgs and singlet states
is shown in Fig. 1.

The singlet spectrum consists of a discrete mode, �0,
corresponding to a bound state, and a tower of scattering
states, �k, with plane–wave asymptotic behaviour. The

Classically stable DW 
Seeded Tunnelling at T<Tc

✦Metastability of DW controlled by the 3d h mass

Classical instability of DW!2
0(T ) < 0

!2
0(T ) > 0

The “rolling”
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Seeded tunneling: 𝜔0
2 > 0 at 𝑇 < 𝑇𝑐

17

ℎ0
𝑠0 tunneling

Release 
point

• Tunneling occurs before the would-be 
classical instability

• Seeded bounce action from 
CosmoTransition (adjusting for 3d)

33 Kaluza Klein reduction method

★Study 3-dimensional theory on the domain wall
✴ KK spectrum contains massive localized states gapped to a continuum
✴ Bound states correspond to localized profiles in the z-direction
✴ Scattering states correspond to continuum

✦Metastability of DW controlled by the 3d h mass

Unperturbed 
domain wall
No bubble Bubble nucleated

inside DW

V e↵
3d (h0, s0)

Seeded phase transition: Kaluza-Klein decomposition

• Expand the fields around the domain wall background, 
and integrate over the orthogonal direction

𝑆 = 𝑆DW 𝑧 +
𝑘

𝑠𝑘 𝑥𝜇 𝜎𝑘 𝑧

ℎ =
𝑘

ℎ𝑘 𝑥𝜇 𝜙𝑘 𝑧

𝑥𝜇 = 𝑡, 𝑥, 𝑦

z

𝒔𝒌, 𝒉𝒌

• Study the 3d theory on the DW plane, 
interaction from overlap integrals with 𝑉(ℎ, 𝑆)

−𝜙𝑘′′ 𝑧 + 𝜅 𝑆DW2 𝑧 − 𝜇2 𝜙𝑘 𝑧 = 𝜔𝑘
2 𝜙𝑘(𝑧)

−𝜎𝑘′′ 𝑧 + 3𝜂 𝑆DW2 𝑧 − 𝑚2 𝜎𝑘 𝑧 = 𝑚𝑘
2𝜎𝑘(𝑧)

• Profiles are chosen in order to have canonical 3d fields:

• Take advantage of the gap to integrate 
continuum states out in favor of EFT for ℎ0, 𝑠0

ℎ0

𝑠0

13

4

is the typical curvature radius) equals the vacuum pres-
sure due to the bias, ✏ ⇠ c v5s/MPl with c a O(1) coe�-
cient. We then obtain

Tann

vs
⇠ 0.5

c1/2

⇠1/2⌘1/4
, (11)

where the Planck scale drops out from the calculation as
this sets both the typical curvature radius through Hub-
ble and the size of the bias. We then conclude that a Z2

explicit breaking due to gravity is generically not enough
to make the domain walls collapse before the electroweak
phase transition, as Tann in (11) can easily be below the
nucleation temperature.

We nevertheless note that the model can have a vi-
able phenomenology also with an exact Z2 symmetry:
even though scalar singlet dark matter with large portal
coupling to the Higgs boson is almost excluded for the
mass range of interest, S needs not to be the lightest
state charged under this symmetry. In addition, domain
walls are anyways collapsed at the end of the electroweak
phase transition ensuring no contradiction with standard
cosmology.

IV. FORMALISM FOR THE SEEDED PHASE
TRANSITION

The seeded phase transition can be described as a pro-
cess in which the unperturbed domain wall is modified
by the onset of a Higgs vev at its core eventually filling
up the whole space. As mentioned in Sec. II, this can
occur either via a classical instability of the unperturbed
domain wall profile (rolling), or, if this configuration is
metastable, via thermal or quantum tunneling.

Both these scenarios can be captured by analyzing the
lower–dimensional e↵ective theory obtained by perform-
ing a KK decomposition along the direction orthogonal to
the domain wall. This strategy is discussed in Sec. IVA.
In addition, we can gain further physical intuition by re-
sorting to a thin wall approximation in which the role of
the pre–exhisting domain wall becomes manifest in facil-
itating the tunneling to the true vacuum. This will be
the topic of Sec. IVB.

Interestingly, these two formalisms can actually de-
scribe the tunneling process in complementary temper-
ature ranges, namely far from Tc (KK decomposition),
and close to Tc (thin wall), as we shall discuss in detail
in Sec. V.

A. Kaluza–Klein decomposition

The starting point is to make an ansatz for the singlet
and the Higgs field in the background of the unperturbed
domain wall as

S = SDW(z)+
X

k

sk(x)�k(z), h =
X

k

hk(x)�k(z) (12)

m0

mKK

ω0

ωKK

...

Singlet Higgs

3d
sp
ec
tru
m

Figure 1. A cartoon of the spectrum of the 3d theory ac-
cording to the eigenvalue equations (13) and (14). The singlet
modes consist of a single bound state (neglecting the massless
mode from the breaking of translational invariance) with mass
m

2

0 > 0 indicated by the solid line, together with a sketch of its
localized profile. On top of this there is a gapped continuum of
KK states shown by the upper gray region, with plane–wave
asymptotic behaviour. The Higgs spectrum is qualitatively
the same besides the fact that more discrete modes can in
principle be present, and that the mass of the lightest state
!

2

0 needs not to be positive.

where SDW(z) is the profile given in Eq. (9), which is a
solution to the equations of motion together with h = 0,
and we have denoted by x the remaining three space-
time coordinates. The sum runs over a complete set of
eigenfunctions, �k(z) and �k(z). The ansatz (12) can
be plugged into the 4d action of the Higgs–singlet model
in order to obtain a theory for the 3d modes sk(x) and
hk(x), which will allow us to study the occurrence of
classical instabilities, and furthermore to calculate the
seeded tunneling rate as a standard homogeneous pro-
cess in three spacetime dimensions.
The 4d potential (7) is of course temperature depen-

dent. This means that in principle a new decomposition
needs to be performed at each temperature of interest.
As we shall see, however, in some limits such as the lead-
ing high temperature expansion this is not necessary. We
will then first present our procedure at T = 0 and then
discuss a simple way to extend it at finite temperature.
In order to diagonalize the quadratic part of the 3d

action, the profiles �k and �k are taken to be solutions
to the eigenvalue equations

� �00
k + (3⌘S2

DW(z)�m2)�k = m2
k�k, (13)

� �00
k + (S2

DW(z)� µ2)�k = !2
k�k, (14)

which correspond to a Pösch–Teller potential and can
be solved exactly in terms of Legendre polynomials. A
cartoon of the spectrum for the Higgs and singlet states
is shown in Fig. 1.

The singlet spectrum consists of a discrete mode, �0,
corresponding to a bound state, and a tower of scattering
states, �k, with plane–wave asymptotic behaviour. The

Classical instability of DW!2
0(T ) < 0

!2
0(T ) > 0

✦The O(2) seeded bubble profile can be obtained

Classically stable DW 
Seeded Tunnelling at T<Tc

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



34 Numerics: mountain pass algorithm

Agrawal, Nee ’22 SciPost

Figure 3: Field profiles showing the critical bubble nucleated on the domain wall for

benchmark 1 (left) and benchmark 2 (right). The shading represents the value |S|/vS and

black contours show lines of constant h. The orange lines show the contours |S|/vS = 0.75.

3.2 Results for the bounce action

With the numerical procedures described in the previous section we are now in a position

to compare the bounce solutions for the catalysed and homogeneous configurations. If we

restrict ourselves to the leading order in the high–T expansion we can crosscheck the results

previously presented in ref. [60] with the new ones obtained with the MPT. This is shown

in appendix A for a given benchmark point, and we find a very good agreement between

the various methods in their region of applicability.

In this section we instead focus on the results obtained with the MPT with the full

1–loop thermal potential. To this end, we consider two benchmark points in parameter

space, indicated by the red and blue stars in figure 2. Benchmark 1 is the following choice

of parameters (corresponding to benchmark C in section 4.2.2 of [2]):

(, ⌘, mS) = (1.5, 3.3, 250 GeV) , (3.7)

and benchmark 2 is the choice:

(, ⌘, mS) = (1.5, 2.3, 250 GeV) . (3.8)

In figure 3 we show the critical bubbles at nucleation for both benchmarks.

In figure 4 the bounce action for the catalysed transition is compared to the homoge-

neous bounce action for a range of temperatures for each benchmark. Also shown is a lower

bound on the bounce action derived within the thin wall approximation, and therefore re-

liable for T ⇡ Tc, as detailed in appendix B. For both benchmark points, the catalysed

bounce action is much smaller than the homogeneous bounce, BDW < Bhom. Given the

exponential dependence of the decay rate on the bounce action, at a given temperature the

catalysed process will dominate the homogeneous decay,

�hom(T ) ⌧ ⇠H(T )�DW(T ) . (3.9)

– 12 –

SciPost Physics Submission

Figure 4: Mountain pass theorem in a two-dimensional example. Five paths inter-
polating between the minimum at f0 and the negative point at f1 are shown, where
the red path passes through the saddle point (indicated by the red star). The blue
dots show the maximum point along each of the other paths.

reach a point where I is maximum along the path (and I is necessarily positive) and turn
around. The path whose maximum point is smallest crosses through a saddle point of I at
this point. A simple example of such a set of paths is shown in figure 4. For each choice of
path the maximisation picks out a point on the ridge, ensuring that the action is not lowered
by exciting the negative mode. Therefore max–œ[0,1] I[“(–)] as a function of paths is robust
against unstable modes and can be minimised using gradient descent methods.

The utility of the MPT for our purposes comes from realising that

I[h, u] = SE [h, u] ≠ SE [hm, um] (24)

satisfies the conditions for the theorem to apply, and the solution (hmb, umb) we are looking
for is a saddle point of I. The monopole solution (hm, um) for a metastable monopole is a
local minimum of I with I[hm, um] = 0, and we can consider a field configuration describing
a supercritical bubble (hscb, um) which contains a large true vacuum region. A su�ciently
large region of true vacuum will lead to I[hscb, um] < 0, so the point (hscb, um) in field space
is the point f1. If we consider paths which interpolate between (hm, um) and (hscb, um) then
minimise the maximum value of I along this set of paths we will approach the saddle point
solution (hmb, umb).

3.2 Mountain pass algorithm
Given the parametrisation of the scalar potential in equation (1) the solution for the monopole
bounce Bmb depends on three parameters: ⁄, g, ‘. For a given set of these parameters we first
find the monopole solutions hm(s), um(s) by solving equation (18) using a modified shooting
algorithm described in Appendix A. We then construct the solution hscb by using a convenient
interpolation between the monopole profile and a supercritical bubble:

hscb(·, s) =
1
1 ≠ e≠(·/T )22

hm(s) + e≠(·/T )2
hsc(s, S, ”),

hsc(s, S, ”) = 1
2

5
1 + tanh

3
s ≠ S

”

46
.

(25)

The parameters T, S, and ” are chosen such that I[hscb, um] < 0. An example of one such field
profile is shown in figure 3. T sets the time scale over which the scalar field varies between
the bubble profile hsc and the monopole solution hm(s), S sets the radius of the bubble profile

12

★Numerical solving for the PDE’s is a non trivial task
✴ Reduced symmetry (only O(2))
✴ Bounce action is a saddle point

✦Employ a numerical algorithm suitable to find saddles 

Bubble profile and bounce action
found for full thermal effective potential 

Designed to find the “mountain pass” between two points

Vacuum with DW

Supercritical bubble

Figure from: Agrawal, Nee ’22 SciPost
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35 Bounce action in 3 methods

Classical instability 
of the DW

Homogeneous 
nucleation would 

happen here

Seeded nucleation
occurs here

◇ ◇ ◇ ◇ ◇
◇◇
◇

◇

◇

◇◇

Figure 8: Comparison of the homogeneous bounce action S3/T (red) in the leading high–

temperature approximation, and the seeded bounce action evaluated with the MPT (red

diamonds) and within the EFT within di↵erent approximations: zeroth order where KK

states are neglected in green, O(1/m2
KK) in orange and O(1/m4

KK) in blue. The purple line

shows the seeded bounce action within the thin wall approximation.

grant numbers 12B2323N. This work is supported by the Deutsche Forschungsgemeinschaft

under Germany’s Excellence Strategy - EXC 2121 Quantum Universe - 390833306.

A Comparison to previous work

In this appendix, we provide a comparison between the results obtained within the domain

wall e↵ective field theory (EFT) and the MPT algorithm by retaining only the leading

terms in the high–temperature approximation. This provides a non trivial cross check

of our methods and corroborates our strategy in view of generalising these results to full

1-loop thermal potentials.

In figure 8 we compare the tunneling action evaluated with the domain wall EFT

(described in further detail in ref [60]) and the MPT algorithm, for the benchmark point

given by  = 1.3, ⌘ = 1.6 and µs ' 127 GeV leading to a singlet mass in the true vacuum

mS = 250GeV at zero temperature. For this benchmark the critical temperature is Tc '
110 GeV. At Tr ' 74 GeV the tunnelling action approaches zero, signaling a classical

instability of the domain walls.

The temperature range where the EFT is supposed to provide reliable results for the

bounce action can be estimated by considering the ratio between the lightest Higgs zero

mode mass, !2
0(T ) (see equation (3.10)), and the mass scale of the continuum KK states,

m2
KK(T ). When this ratio is small, integrating out the KK states is indeed justified and the

expansion in terms of the inverse KK mass is supposed to be converging. In practice, it is

more convenient to identify the range of validity by comparing the prediction for the bounce

– 25 –

EW Phase transition seeded by the DW always dominates !
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Parameter space of the xSM SB, Mariotti [2203.16450], PRL

*In terms of nucleation 
temperature

Agrawal, SB, Mariotti, Nee, in prep.

Seeded faster 
than hom. Only seeded

Simone Blasi - COSMIC WISPers - 06.09.202336 Impact on Higgs-Singlet parameter space
★Seeded phase transition always 

faster than homogeneous PT
★New viable region in parameter  

space thanks to seeded PT
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Parameter space of the xSM SB, Mariotti [2203.16450], PRL

*In terms of nucleation 
temperature

Agrawal, SB, Mariotti, Nee, in prep.

Seeded faster 
than hom. Only seeded

Simone Blasi - COSMIC WISPers - 06.09.202337 Impact on Higgs-Singlet parameter space
★Seeded phase transition always 

faster than homogeneous PT
★New viable region in parameter  

space thanks to seeded PT
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★Certain quality of the Z2 symmetry is needed for DW to exist
✴ Z2 symmetry explicitly broken by Planck scale suppressed operator is allowed



38 Properties of the seeded PT?

★Criteria for the seeded phase transition to complete (percolation)
★Special features in latent heat and typical time scale?
★Special features in gravitational waves?

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting

See Blasi, Konstandin, Rubira, Stomberg ’23
for GW from sound waves in seeded PT

Agrawal, Blasi, Nee, AM ‘23



39 Properties of the seeded PT?

Hubble volume

Dense DW network Sparse DW network

DW

Hubble volume

DW DW

Seeded bubbles

Relevant time scale Relevant time scale
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40 Properties of the seeded PT?

Dense DW network Sparse DW network

Seeded PT features 
controlled by O(2) bounce

Seeded PT features 
controlled by number of DW
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⇠ (⇠H)�1

where �(T ) is a homogeneous nucleation rate per unit volume, and r(T, T 0) is the (co-

moving) size at the time t(T ) of a spherical bubble nucleated at the time t0(T 0),

r(T, T 0) =

Z T 0

T

dT̃

T̃

vw

H(T̃ )a(T̃ )
. (4.4)

The quantity I(T ) corresponds to the total volume of spherical true vacuum bubbles (over-

counting overlapping regions) per unit comoving volume at the temperature T .

For the case of spherical bubbles in 3D space, percolation is assumed to occur when

I(Tp) = nc ' 0.34 and p(Tp) ' 0.71 [91, 99, 100]. For a homogeneous phase transition

the percolation temperature can then be evaluated straightforwardly according to (4.3) by

taking � = �hom in (2.20).

For the catalyzed process the percolation temperature depends on which of the two

possible time scales in Eq. (4.2) controls the duration of the transition. For a very dense

network with ⇠ � 1, or a scenario in which the (seeded) bounce action is very flat around

the nucleation temperature, we expect the time scale of the transition to be set by the slope

of the bounce action. This makes the percolation condition for this scenario equivalent to

a homogeneous phase transition, and the percolation temperature may then be computed

according to (4.3) with the following identification:

� = ⇠H�DW, (4.5)

where �DW is given in (2.26). We shall indicate by T 3D
p the percolation temperature

obtained in this way.

On the other hand, whenever the distance among domain walls sets the relevant time

scale (namely for sparse networks with ⇠ = O(1) or for very fast nucleation rate) the

percolation temperature can be derived from a purely geometrical argument, similarly to

what has been done for a distribution of monopoles [91]. In this case bubbles of true vacuum

can be thought of growing instantaneously out of the domain walls at T ' Tn. From that

moment on, the amount of true vacuum volume per unit co-moving volume is given by

Iw(T ) = (⇠Ha)n · 2r(T, Tn), (4.6)

where (aH)�1
n is the co-moving Hubble radius at T = Tn. The probability of a point

remaining in the false vacuum is pw(T ) = e�Iw(T ), so that Iw(T ) is the equivalent of I(T )

for a domain–wall seeded transition. The derivation of (4.6) is presented in appendix C,

together with the analogous derivation for a network of monopoles and strings acting as

nucleation sites. The percolation temperature for this case, T ⇠
p , is then defined through

Iw(T ⇠
p ) = nc

4. Assuming radiation domination, one finds

T ⇠
p =

1

1 + nc
2⇠vw

Tn, (4.7)

4
In the following, we shall keep nc = 0.34 also for the case of sparse networks, even though this value

refers to spherical bubbles with a homogeneous nucleation probability.
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Usual expression for 
volume fraction in true 

vacuum

which for relativistic wall velocities and ⇠ ⇠ 1 gives Tp ⇠ 0.85 Tn. In general, we define the

percolation temperature for the catalyzed transition as

Tp = min(T 3D
p , T ⇠

p ). (4.8)

In the case of strong supercooling one needs to impose an additional condition on top

of percolation to make sure that the phase transition does actually complete. This condi-

tion requires the physical volume that still remains in the false vacuum to decrease with

time [100]. This requirement applies to both homogeneous and seeded phase transitions,

and becomes particularly relevant when percolation occurs close to the moment where the

vacuum energy of the false vacuum starts to dominate the energy budget of the universe.

The condition that the false vacuum volume decreases reads

3H � dI

dt
< 0 , (4.9)

where the appropriate I(T ) depends on the nature of the transition as discussed above.

This condition is usually checked at T = Tp, see e.g. [101].

For instance, in the case of a sparse network where I = Iw in (4.6), by evaluating

Eq. (4.9) at percolation, we obtain

3 � 2vw⇠
H(Tn)

H(Tp)

Tp

Tn
< 0. (4.10)

If we further assume that percolation is happening su�ciently far from vacuum domination

we can use (4.7) for Tp, and the condition above simplifies to

2vw⇠ + nc > 3. (4.11)

As we can see, for ⇠  (3 � nc)/2vw ' 1.33, the volume in the false vacuum may not

decrease at Tp, but only at some lower temperature (provided that vacuum domination

has not set in yet). In the following, we shall consider ⇠ � 2 so that (4.10) is satisfied at

Tp provided that vw ⇠ 1.

4.3 Bubble sizes

The timescale of the phase transition sets the average size of bubbles at percolation, Rp.

For homogeneous transition we shall refer to the standard relation

R hom
p = �vw(8⇡)1/3

 
dBhom

dt

����
Tp

!�1

. (4.12)

The properties of a seeded phase transition whose time scale is set by the slope of the

bounce action are indistinguishable from a homogeneous phase transition. The average

bubble size is then still given by (4.12) with Bhom replaced by BDW:

R 3D
p = �vw(8⇡)1/3

 
dBDW

dt

����
Tp

!�1

. (4.13)
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41 Bubble size and latent heat

←
Figure 5: Left. Nucleation and percolation temperature, Tn and Tp, for the homogeneous

phase transition (dashed) and the seeded phase transition (solid) for di↵erent values of ⇠ as

a function of the portal coupling  fixing ⌘ = 1 and mS = 200GeV. The green line indicates

the temperature at which the vacuum energy begins to dominate. Right. Trajectories in

the (↵, HRp) plane by varying  according to the range in the left panel ( increases moving

from left to right) for the homogeneous transition (dashed) and the seeded transition (solid)

for di↵erent values of ⇠. Also shown are contours indicating the peak gravitational wave

amplitude from sound waves, as well as the region where sound waves can be long lasting

(see section 5 for more details). The wall velocity has been fixed to vw ⇠ 1 in both panels.

latter, di↵erent numbers of domain walls per Hubble patch are considered, namely ⇠ = 2

and ⇠ = 5.

As we can see, the homogeneous phase transition becomes more and more supercooled

for larger , until it fails to complete for  & 0.90. On the other hand, we find successful

percolation for the seeded phase transition beyond this value of the portal up to  ⇡ 0.98,

in agreement with the general behaviour discussed around figure 2. As we are using the

thin wall approximation in this analysis, this value of the end point should however be

taken only as an indication.

Due to the weak logarithmic dependence on ⇠, the nucleation temperature defined in

equation (2.27) is practically the same for all the considered values of ⇠, and we then only

show the case of ⇠ = 2. On the other hand, the percolation temperature Tp has a relatively

stronger dependence on ⇠ as long as the network is sparse, ⇠ ⇠ O(1), as shown explicitly

in figure 5 left. While the dependence of Tp on ⇠ is still mild, this can lead to a significant

change in other quantities such as ↵ and Rp, as shown by the di↵erent trajectories in the

right panel of figure 5. For larger values of ⇠, Tp and Tn are practically the same (as long

as the relevant time scale of the transition is set by the domain wall distance).

The bubble size, HRp, and latent heat, ↵, as  is varied are shown in the right

panel of figure 5 for both the homogeneous and the seeded transition (by the dashed and

solid trajectories, respectively). The black dots indicate the sampled values of the portal

coupling: they are uniformly sampled with � = 0.01 within  2 (0.865, 0.895) for the

homogeneous transition, and within  2 (0.865, 0.985) for the seeded counterpart. The

values of ↵ and Rp are evaluated according to section 4.3 and section 4.4.

– 18 –

★Decorrelation between bubble size and latent heat

Alberto Mariotti (VUB) 22/01/2024BIG&C Meeting



42 Impact in GW spectrum

Figure 7: Peak frequency and amplitude of the gravitational wave signal from the homo-

geneous and catalysed transitions for the parameter points discussed in section 4.5. The

solid lines indicate the catalysed transitions for di↵erent ⇠ values and the dashed line shows

the homogeneous transition. The coloured contours indicate the signal to noise ratio in

LISA.

The decorrelation of ↵ and Rp for seeded transitions with small ⇠ manifests in figure 7

as almost vertical trajectories. This is as Rp is fixed by the domain wall separation, so the

peak frequency shifts only due to the change in Tp as  is varied, while the peak amplitude

increases as ⌦gw / ↵2Rp. This is in contrast to the homogeneous line and the transitions

for ⇠ = 102 where the timescale is set instead by the nucleation rate and the peak frequency

shifts more significantly due to the changing size of bubbles as they collide. Similarly to

figure 6, a smaller ⇠ generically leads to a larger signal amplitude. However, this does not

necessarily translate in a larger SNR because of the shift to lower frequencies where LISA

starts losing sensitivity. In this regard, future experiments such as µAres [125] could more

e�ciently probe the gravitational background in the case of sparse networks.

6 Conclusions & Outlook

The xSM is a simple model which encapsulates new physics that can modify the EWPT,

possibly leading to an observable spectrum of GWs. The Z2 symmetric limit of this model

has been put forward as a test case for simple weak scale new physics that can remain

hidden from current collider and precision searches, although it may be within reach of

future colliders.

We have shown that in a large part of the relevant parameter space, the phase transition

dynamics are modified due to the presence of domain walls. The decay of the false vacuum

proceeds through tunnelling catalyzed by domain walls, instead of through homogeneous

bubble nucleation. This changes the viability of specific parameter space points in the

model and qualitatively modifies the gravitational wave signal.
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43 Conclusions

★Impurities (topological defects) play a role in cosmological PT

★Topological defects emerge in multi-step phase transitions

★         The EW PT can be catalyzed by topological defects

★Minimal realization with DW in Higgs Singlet model (xSM)

★It can impact several well-known models and expected signatures

★Phenomenological implications for

✴ E.g. Other Minimal extensions of Higgs sector,  2HDM, ...

✴Gravitational wave spectrum
✴Baryogenesis
✴Primordial Black hole production
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Figure 5: Left. Nucleation and percolation temperature, Tn and Tp, for the homogeneous

phase transition (dashed) and the seeded phase transition (solid) for di↵erent values of ⇠ as

a function of the portal coupling  fixing ⌘ = 1 and mS = 200GeV. The green line indicates

the temperature at which the vacuum energy begins to dominate. Right. Trajectories in

the (↵, HRp) plane by varying  according to the range in the left panel ( increases moving

from left to right) for the homogeneous transition (dashed) and the seeded transition (solid)

for di↵erent values of ⇠. Also shown are contours indicating the peak gravitational wave

amplitude from sound waves, as well as the region where sound waves can be long lasting

(see section 5 for more details). The wall velocity has been fixed to vw ⇠ 1 in both panels.

latter, di↵erent numbers of domain walls per Hubble patch are considered, namely ⇠ = 2

and ⇠ = 5.

As we can see, the homogeneous phase transition becomes more and more supercooled

for larger , until it fails to complete for  & 0.90. On the other hand, we find successful

percolation for the seeded phase transition beyond this value of the portal up to  ⇡ 0.98,

in agreement with the general behaviour discussed around figure 2. As we are using the

thin wall approximation in this analysis, this value of the end point should however be

taken only as an indication.

Due to the weak logarithmic dependence on ⇠, the nucleation temperature defined in

equation (2.27) is practically the same for all the considered values of ⇠, and we then only

show the case of ⇠ = 2. On the other hand, the percolation temperature Tp has a relatively

stronger dependence on ⇠ as long as the network is sparse, ⇠ ⇠ O(1), as shown explicitly

in figure 5 left. While the dependence of Tp on ⇠ is still mild, this can lead to a significant

change in other quantities such as ↵ and Rp, as shown by the di↵erent trajectories in the

right panel of figure 5. For larger values of ⇠, Tp and Tn are practically the same (as long

as the relevant time scale of the transition is set by the domain wall distance).

The bubble size, HRp, and latent heat, ↵, as  is varied are shown in the right

panel of figure 5 for both the homogeneous and the seeded transition (by the dashed and

solid trajectories, respectively). The black dots indicate the sampled values of the portal

coupling: they are uniformly sampled with � = 0.01 within  2 (0.865, 0.895) for the

homogeneous transition, and within  2 (0.865, 0.985) for the seeded counterpart. The

values of ↵ and Rp are evaluated according to section 4.3 and section 4.4.
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