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Event shape variables in eTe™ annihilation

@ The idea: define a quantity X characterizing the type of “shape” of an
event (pencil-like, planar, spherical,...).

@ Key point: to be (reliably) calculable in pQCD, X has to be infrared safe,
i.e. insensitive to soft and/or collinear emissions.

@ Sterman-Weinberg (1977) safety criteria: Non Perturbative (NP) effects
are power suppressed if X is invariant under the branching: pi — p; + p«
when p;//pk (collinear emission) or p; — 0 or px — 0 (soft emission).
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Examples of IR safe shape variables
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0.35 T T T
T decay (N’LO) +=-+
low Q2 cont. (N3LO) o
03 L HERA jets (NNLO) H ]
i Heavy Quarkonia (NNLO)
ee” jets/shapes (NNLO+res)
pp/pp (jets NLO) +=
025 EW precision fit (N>LO) +e— 7]
pp (top, NNLO) ++
< o2f
=1
0.15
0.1
= ay(Mz2) =0.1179 = 0.0009
005 1 1 1
1 10 100 1000
August 2021 Q[GeV]

BDP 2008-16
Boito 2015
Boito 2018
PDG 2020

T decays
&

low Q2

Mateu 2018
Peset 2018
Narison 2018 (c¢)
Narison 2018 (bB)

QQ
bound
states

B8G06 —
jR14
[ABMP16
INNPDF31
cT1s
MSHT20

-k

PDF fits

[ALEPH (j&s)
OPAL (j&s)
JADE (j&s)
Dissertori (3j)
JADE (3j)
Verbytskyi (2j)
Kardos (EEC)
[Abbate (T) o

Hoang (C) | +—e—i

Genrmann (1) +—e——i &

e*e”
jets

shapes

Klijnsma (tf) —
CMS (t)
H1 (jets)*

dEnterria (W/2)
HERA (jets) —

hadron
colliders

PDG 2020
Gfitter 2018

T
! T blectroweak

FLAG2019

lattice

1 1
0.110 0.115

August 2021

| i
0.120 0.125 0.13
as(M2)

[Caola et al.(’21,’22)], [Nason,Zanderighi(’23,725)], [PDG(’23)]

Thrust distribution in e e

annihilation at full NNNLL+NNLO (a



The Thrust in ete™ annihilation
Zi‘pi'"| = Sl

T=1—-7=max=L—— la n
n > lpil A
@ The sum is over all final state particles i with three-momentum p;.

@ The maximum is taken with respect to the direction of the unit
three-vector n.

@ T maximizes the longitudinal momentum along the vector n.
@ The vector which realizes the maximum is called thrust axis: nr.
The allowed kinematical range for T is: 1/2< T <1(0<7<1/2)

4y b — o T
4/2_: —j.'j_ T
P”‘e;v:‘;\ *isohopig P":‘;‘:“‘;!’d

Upper limit for T, T,(,,’!l depends on the number N of final-state particle. Only
in the (formal) limit N — oo it approaches i) 1/2.
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Min Thrust for 3 parton configuration T_imin = 0.6666667 tau_max = 0.3333333

(N)

Tmax 1S important to correctly normalize the thrust cross section.
In massless approx.: T,(,,3;,)X =1/3=0.3333---, 7',(7?3))( =1-1/v/3=04226---

Min Thrust for 4 parton configuration T_imin = 0.5773506 tau_max = 0.4226494

“

Finding T,(T,’gl is a non-trivial (double optimization) kinematical problem: given N

particle momenta one needs to find nt and then find the maximum value of 7
by varying the particle momenta finding the new thrust axis.

@ We used stochastic optimization algorithms (Genetic Algorithm and Particle
Swarm Optimization) perturbing the initially randomly generated momenta.

N 3 4 5 6 Max Thrust (1) for different number of partons

(M1 0.3333 | 0.4226 | 0.4539 | 0.4629 P e i SR
N7 8 9 10

M1 0.4716 | 0.4753 | 0.4790 | 0.4811
N | 11 0 13 14

M1 0.4834 | 0.4842 | 0.4845 | 0.4857
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Fixed-order QCD expansion

Thrust distribution can be systematically calculated in pQCD as a fixed-order
expansion in as = as(u?)

1 do as dA as\2 dB as\3 dC 4
=4 = —=) — @
Otot dT (T)+7rd7'+<7r> d'r+<7r) d7'+ (es),
The LO function (7 > 0) is
dA

2 8 1-27\ +r—o0 8InTt 2
— =44+ 67— — —4 | —_———
dr +or T+< Jr3(17‘1')7')n( T ) 3 7 T
QCD corrections up to NNLO known [Gehrmann-De Ridder et

al. (’07)], [Weinzierl (?’09)], [Del Duca et al. (’16)]. Calculations based on a

numerical integration of the matrix elements. NNLO parton-level event generator
public available EERAD3 [Gehrmann-De Ridder et al. (’14)].
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Sudakov resummation

@ Bulk of events in the two-jet limit 7 — 0 (semi-inclusive region).

@ In the fixed-order expansion large Sudakov logarithms appear due to incomplete
cancellation between real radiation (constrained by kinematics) and virtual
(unconstrained) emissions.

1 do i%l [1|k1]
Znk =
Otor dT pr R T Tl

@ Defining the cumulative cross section

1 d 1 d dR
Rr(1) = — il thus ——U:ﬁ.
Otot Jo dr’ Otot dT dr
co  2n
Rr(r) — ZZ al Ink
n=1 k=1

@ Fixed-order perturbative series is unreliable in the low 7 region where
as(Q)In?1/7 ~ 1.

@ To obtain reliable predictions in the two-jet region, resummation of Sudakov
logarithms is mandatory.
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Idea of (analytic) resummation

Idea of large logs (Sudakov) resummation: reorganize the perturbative
expansion by all-order summation (L is a large log).

asl? asl <o | O(as)

ailt il azl? il | - | O(ed)

agLZn Ctgl_2n_1 agL2n—2 . . O(Clg)
dominant logs next-to-dominant logs ce

@ Ratio of two successive rows O(asL?): fixed order expansion valid when
2
asl® <« 1.

@ Ratio of two successive columns O(1/L): resummed expansion valid when
1/L< 1.
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Soft gluon exponentiation

Sudakov resummation feasible if:
dynamics AND kinematics factorize = exponentiation.

@ Dynamics factorization: general propriety of QCD for soft emissions
[Gatheral(’83)], [Frenkel,Taylor(’84)], [Catani,Ciafaloni(’84,’°85)] analogous of
eikonal approx. in QED [Yennie,Frautschi,Suura(’61)]

n
W, o soft \,hd‘ov\s /1 9
?)—e—é}—* = Z L il b
gn |4 = ~ dw,
lt\o\'ou dwﬂ

dwn(qr, .-, qn) ~ — H dwi(q;) ~ exp{dwi}
i=1
@ Thrust kinematics factorize in Laplace space [Catani,Trentadue, Turnock,Webber (’91)]

n k2 1 dN N . —Nk2/02
an N(r — Ay = [ 28 N
o(r — Q2 27”/ exp{N(7 z; Q2)} 37 N e He

c 1

@ Exponentiation holds in Laplace space (results then transformed into physical space):
Tl & N>1, nl/7>1 < InN>1.
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Sudakov resummation for Thrust

@ We closely follow the CTTW formalism from [Catani,Trentadue,Turnock,Webber (’93)]

@ Resummation formalism applied also in [Gardi et al.(’99)], [Banfi et al.(’01)],
[Davison,Webber(°09)], [Gehrmann et al.(’08)], [Dissertori et al.(’09)]

@ Sudakov resummation for thrust has been, more recently, reformulated in the framework of
SCET [Schwartz(’08)], [Becher,Schwartz(’08)], [Hornig et al.(’09)], [Almeida et
al.(’14)], [Abbate et al.(’11,’12)], [Benitez et al.(’24)]

Cumulative cross section can be written as:
Rr () = C(as(Q%)) Z(r, as(Q?)) + D(r, as(Q%));

C(as) is a hard-virtual factor and D(as) is a remainder function vanishing at small 7:

Clas) =1+ (%2)' . Dlrias)= S (%) Du).
n=1 n=1
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[Davison,Webber(°09)], [Gehrmann et al.(’08)], [Dissertori et al.(’09)]

@ Sudakov resummation for thrust has been, more recently, reformulated in the framework of
SCET [Schwartz(’08)], [Becher,Schwartz(’08)], [Hornig et al.(’09)], [Almeida et
al.(’14)], [Abbate et al.(’11,’12)], [Benitez et al.(’24)]

Cumulative cross section can be written as:
Rr () = C(as(Q%)) Z(r, as(Q?)) + D(r, as(Q%));

C(as) is a hard-virtual factor and D(as) is a remainder function vanishing at small 7:

e o) (o)
as\n as\n
Clas) =1+ (22) G, D(ras) =3 (22)" Dulr).
n=1 n=1
Y (7, as) is a long-distance form factor (contains all the Sudakov logarithms enhanced at small 7:

alIn™7 with 1 < m < 2n): In the Laplace-conjugated space:

F(as) = eF@sh) = L AR ZEBEEE(5) " h()

)

with A = Boasl/w, L=InN and asL ~ 1. All order resummation of classes of large In N:
LL (~a2Lm ) £ NLL (~valL™): £, Gy -+ NKLL (~allrtk=t): 8D, Gy
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Inversion of Laplace transform

Formal inversion from N space to 7 space is:

C+i
(1, a5) = i/ h ﬂeNTe}_(asyL)’
270 Je—ico N
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Inversion of Laplace transform

Formal inversion from N space to 7 space is:

Ci
S(r,a5) = L/ 27 dN N FlasiL)
270 Je—ico N

@ This formula involves (formally non-integrable) Landau singularity of as

@ Exact analytic Laplace inversion cannot be computed.
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Inversion of Laplace transform

Formal inversion from N space to 7 space is:

Ci
S(r,a5) = L/ 27 dN N FlasiL)
270 Je—ico N

@ This formula involves (formally non-integrable) Landau singularity of as
@ Exact analytic Laplace inversion cannot be computed.
CTTW solution: Taylor expand F(as, L) around the point

InN=In(1/7)=¢,

1 dN 2 Ok F(as, £) Ink(TN)
(T, = [ =N R Sl
(mas) =55 /C NE P [g DIk Kl

not possible to evaluate the series exactly: a new hierarchy is defined in 7—space.
N”LL in 7 space defined by keeping the terms agfl(asﬁ)k, (for all k).

Crucial point: the correspondence In N to In(1/7) is not exact.

Kinematics factorization and exponentiation are valid only in N space.
Resummation in 7 space is an approximation of resummation in N space!
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Approximated analytic inversion

The approximated analytic form factor in T space reads up to N*LL:

1 s 252 253
1 eAGRO+ 2 RONH(SS ) B0+ 55) 00

(7, as) = 9]

x |1+ 7Bas, 9vo(@) + 2 (FP(as, 0 + (FD(as, D)W@) — ¥1(6)

+ %(7:(3)(04& 0+ 37 (as, 0 F (s, 0) + (FE)P(as, W3 (8) — 3v0(d)11(d) + v2(4))

+ o (Fas, 0+ 37 O(as, OF + 470 (s, 07D (as,0) + 67D (as, O(FD(as, 0 + (F(as, 0)")

x (¥5(6) — 61(0) + 307 (9) + 4v0(@)wa(¢) — ¥3(9)) | »
. . _ d"inr(x) _ /
Where ['(x) is the Euler I function, ¢n(x) = =77, ¢ =1 — A(Ar) — Af'(Ar),

res (O‘Sa ) F(l)(OCSvZ) - fl(>\7') - )\f’()h,.), Ar = asfo Z/W-
The analytic form factor in 7 space can then be re-written in an “exponentiated form”

2(7—7 aS) — eegl(/\r)+52()\T)+%rig3(/\f)+z,?i4(%r‘i)n_zgn(/\ﬂ') ,
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Exact numerical inversion (Minimal Prescription)

1 dN

(7, as) = 7/ AN N7 FlasiL)
2mi Jeyp N

where the contour C runs parallel to the imaginary axis and lies to the right of all

singularities of the integrand.

Exact numerical inversion can be performed with a prescription to avoid the Landau
Pole. Minimal Prescription [Catani,Mangano,Nason,Trentadue(’96)]: the contour
of integration Cyp lies to the right of all physical singularities but to the left of the
(unphysical) Landau pole. The results obtained by using this prescription converge
asymptotically to the perturbative series and do not include any power correction.
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Numerical results: perturbative effects

) as(mP)0.118, Qs —— NLL+LO 1
..... NLL+LO (r space)

—— NNLL+NLO

----- NNLL+NLO (7 space)

——— N3LL+NNLO

77777 N3LL+NNLO (7 space) |

——— N*LL impact
----- N“LL impact (t space) |

Ratio to N °LL+NNLO

Thrust distribution at Q = 91.1876 GeV in pQCD. Results from resummation in
Laplace-conjugated space (solid bands), including renormalization scale variations
Q/2 < ur < 2Q, compared with physical T-space approximated results (dashed lines).




Numerical results: perturbative effects
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Ratio to N°LL+NNLO

Thrust distribution at Q@ = 91.1876 GeV in pQCD. Results from resummation in
Laplace-conjugated space (solid bands), including renormalization scale variations
Q/2 < ur < 2Q, compared with physical T-space approximated results (dashed lines).




Numerical results: non perturbative effects

NP effects included using an analytic model based on a correlation [Catani at
al.(’91)] or shape function [Korchemsky,Sterman(’99)] fyp(7h,7) depending on 2

parameters:
d d

99 _ /d'r—a fnp (T, 7h) ,
dr

dth
|:_ (th— 17— 5Np)2:|

1
fup(th, 7) = exp .
V2monp 204p
T — e
as(m;*)=0.11810.0018, Q=m; — NPLL+NNLO
64=0.0071£0.0007, 0yp=0.0060£0.0013 — NILLNLOWP
« OPAL

+ DELPHI
- ALEPH
BE

sLo

do/dt

1103

The thrust distribution at Q = 91.1876 GeV at N3LL+NNLO in QCD without (blue
solid line) and with (red band) the inclusion of NP effects.
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as(mz) extraction from Thrust
We performed a three parameter (as(m%), dnp, onp) fit in the small/intermediate 7
region (0 < 7 < 0.15) using LEP and SLD data at the Z boson peak (Q = myz)
[SLD(’94) ,Wicke(’99) ,ALEPH(’03) ,0PAL(’04),L3(’04)].
At N3LL+NNLO accuracy we get:
ocs(mzz) =0.11814+0.0018, dyp = 0.0071+ 0.0007, onp = 0.0060+£0.0013,

where the uncertainties include experimental and theoretical (perturbative) errors (the
latter estimated by means of a renormalization scale variation of a factor two).

Inclusion of N*LL correction modify the result negligibly.
Same fit at NNLL+NLO accuracy gives:
as(m2z) = 0.1194 £ 0.0020, dyp = 0.0071 £ 0.0007, onp = 0.0062 £ 0.0014
Same fit using the T-space resummation formalism at N3LL+NNLO accuracy:
as(m2z) =0.1120 £ 0.0019, dyp = 0.0083 + 0.0010, opnp = 0.0055 £ 0.0020

Key point: Approximations used to perform the resummation in 7 space have to be
properly included in order to obtain a reliable determination of as(mé).
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Conclusions

@ We have presented a resummed calculation of the thrust distribution in
ete™ to full N*LL+NNLO accuracy (including also the N*LL terms) in
pQCD.

@ Resummation performed in the Laplace-conjugated space. Results
inverted exactly (in numerical way).

@ pQCD with NP effects compared with LEP and SLD data at the Z-boson
peak.

@ Extract value of the QCD coupling as(m%) = 0.1181 + 0.0018, fully
consistent with the world average.

@ Commonly used (approximate) analytic formalism in thrust space gives
quite different results, with a corresponding lower determination of
as(mz).
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