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Initial conditions of structure formation are very well established by CMB

measurements



2dF Galaxy Redshift Survey A

°
’\Q .

12h

13"

/Ry
>

Galaxy surveys determine the matter distribution on large scales.

It is sensitive to different red-shifts and probes the real expansion
history and not just a model.
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The most reliable predictions for the matter distribution
come from n-body simulations. But they are very
demanding.



Introduction
Standard perturbation theory (SPT)
Resummation

Conclusions



Observables

p(a: ; T) matter density
6(x,7) = p(x,7)/p(T) — 1 matter density contrast
f(a;' — U, ’7') —_— <5(a;', T)5(y, T)) correlation function

P(k, 7') 5K(/€ + k’) = <5(k, 7')5(/{’, 7')> equal-time power spectrum

There are many observables, but we are mainly interested in the equal-time power
spectrum



The power spectrum at early

times

The initial dark matter powe spectrum is predicted from CMB physics.
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scales roughly as a,('r ) ~ (1 comoving momentum

Initial conditions are uniquely specified by the power
spectrum if the fluctuations are Gaussian.



The power spectrum measured

toda

Sloan Digital Sky Survey (2006)
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This measurement should improve tremendously with Euclid and other LSS
measurements. The BAO can then be used to probe the late expansion
history of the Universe.



Standard perturbation theory (SPT)

Feynman rules of large scale
structure



Dark matter as a fluid

Starting point are the hydrodynamic fluid equations in an
expanding universe

- fluid
8(5 v velocity
tinuity: — +V-(14+0)v=0 Hubbl
STy oT ( ) H P;rameeter
677 L — — @ grav.
Euler: P + Hv+v-Vv=-Vo Setae

5=p/p—1 contra

in combination with the Poisson equation

V?® = 47Ga’pé(x, T)

(assumptions: matter is collisionless, pressureless,
single-streaming)



Linear solutions: growth

The linearized system can be phrased as

v
ov + QU =0
on
with
0
U = (E) n = log a(7)
H
where (for Einstein-de Sitter) ( 0 _1>
() = 3 1
2 2

Newton force / expansion



Linear solutions: growth

U (k,n) = g(n,m0)¥(k,mo)

The corresponding Green's function is

( )_ 6(77—770) 3 2 | 6—3(77—770)/2 ) —9

For the power spectrum

Poy(k,7) 6k (k + k') = (Uy(k, 7)Up (K, 7))

growing mode

- Pr (T, k) ~ a(r)? Py(k) G D



Fluid equations in Fourier space

Assuming no vorticity ( V¥V x ¥ = 0 ) the equations read in Fourier space
O Wa(k,n) + Qap¥s(k,n)

= /dQ’)’abc(Qa k—q)Vy(q,n)¥e(k —q,m),

where

vi21 = alki, k2)/2, 112 = alka, k1)/2, 292 = B(k1, k2),

and . . L
oy, k) = (k1 + 22)- 1
k1
ki1 + k2)%ky - k
Bk, hy) = LR 1 B

K2k



SPT in integrated form

The solution to this equation can formally be written

\Ila,(n) . gab(na nO)\Ijb(WO)

n
+/ dn /dq Gab(1:1M) Yoed Ye(7)Wa(n)
To



SPT in integrated form

The solution to this equation can formally be written

Uo(n)= ,10)¥s(10)
Y,
+/ dn /dq Gab(1:1M) Yoed Ye(7)Wa(n)
1o
And iteratively solved
U, (n) = ¥ (no)
n
| f dn / dq gav(1.77) Yea V2 (M)W ()
Mo

+0(Uh)3



Diagrammatic representation

Linear propagator, interaction and initial density can be represented as

(k1. B)

Gat( 7. 7]) S Vel K, 1)
ma)l o (b) (krkman o ha
(g, e

such that the expansion of the density perturbation at late
times reads

\Ija(kvn) N ‘< 4<

The arrows denote the flow of time due to the classical causal structure



Wick's theorem and initial

conditions

Gaussian fluctuations obey certain contraction rules that are analogeous to Wick's
theorem in QFT

(00(k1)00(k2)d0(k3)do(ka)) = (00(k1)do(k2)) (do(ks)do(ka))
+ (00 (k1)do(ks3)) (do(k2)do(ka))
+ (00 (k1)do(ka))

ey 1170 (V1) (T
<T T> e | m




Expansion of the power spectrum

This gives for the power spectrum the

expansion P(k,7)8(k + ]{;’) = ((k, T)(S(k,, 7))

P(k,n): —*—D—*—+—*mﬂ3= + @

+ O(P})

In this expansion the number of linear power spectra is the number of
loops plus one. The linear result has no loops.

Is this a good expansion scheme?



Expansion parameter in SPT?

1000
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€ = Pr(ko)(ko/2m)° ~ 1077 x (a/ay)?

The convergence is better at larger redshift (smaller scale factor a)
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Power spectrum in SPT
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The convergence is for large momentum very bad for z = 0
but improves for larger redshift, since the n-loop scales with

a(T)*"

relative to the linear result.
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Power spectrum in SPT
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The convergence is for large momentum very bad for z=0 but
improves for larger redshift, since the n-loop scales with

a('r) 240 relative to the linear result.




Deviations z=1

Results are often normalized to the smooth Eisenstein-Hu spectrum (without BAO)
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[Carlson, White & Padmanabhan '09]



P/P,

Deviations z=0

1.4

100 > wd
d 800 > wmd

1.2
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[Carlson, White & Padmanabhan '09]
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linear



A problem

For a large hierarchy in the momenta (g<<k), the vertex behaves like

K
’Yabc(qJ k) >qq2 0ab0c2

what leads for soft loops to

_QK/D\\ q 3 k - q 2 ]_ 5 9
. ~ — [ d°q| —5 P(q) = _ik o
(k. b)

[r’{::.r{-] kT q q
Even though the variance is typically small, 2]€2 ~ 10—2
this leads potentially to bad convergence for large external Oqhpg =
momenta

d

=4

rln'

) &\ﬂ// = ) ) ) il —



Resummation

pictures only



Many resummation schemes

Renormalized perturbation theory
[Crocce and Scoccimarro '05 + '07]

Simple renormalization group PT [McDonald '06]
Large-N path-integral methods [Valageas '06]

Renormalization group techniques
[Matarrese and Pietroni '07]

Closure theory [Taruya and Hiramatsu '07]
Lagrangian resummation [Matsubara '07]
Time-RG theory [Pietroni '08]

Multi-point propagators [Bernardeau et al '08]
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Eikonal approximation [Bernardeau et al '11]



Many resummation schemes

Renormalized perturbation theory
[Crocce and Scoccimarro '05 + '07]

Simple renormalization group PT [McDonald '06]
Large-N path-integral methods [Valageas '06]

Renormalization group techniques
[Matarrese and Pietroni '07]

Closure theory [Taruya and Hiramatsu '07]
Lagrangian resummation [Matsubara '07]
Time-RG theory [Pietroni '08]

Multi-point propagators [Bernardeau et al '08]
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Eikonal approximation [Bernardeau et al '11]




Renormalized PT

In RPT different contributions from SPT are collected in different order (Gamma —

expansion)
T truncate
P(k —
( ’ 77) All contributions positive
which avoids cancellations!
\J
+

[Crocce and Scoccimarro '05 + '07]



Full propagator

Y S — k) — < dv (k,n) >



Leading soft corrections

[Crocce and Scoccimarro '05 + '07]
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In the limit of hard external momentum, all higher loop
contributions can be resummed leading to

1.2 2
_Eko-d




Full propagator results

SPT (1-loop) RPT



RPT power spectrum

two-loop RPT

\

one-loop RPT

0 0.1 0.2 0.3 0.4
k (h/Mpe)

tree RPT
[Carlson, White & Padmanabhan '09]



RPT power spectrum
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[Carlson, White & Padmanabhan '09]



RPT conclusions

0 RPT reproduces very well the full propagator, which is a correlator at
unequal times. In this case soft corrections seem important.

® For the power spectrum, the improvement by RPT is

debatable

() No a priori justification for

<

® power spectrum is by
construction positive —
all contributions in the
Gamma-expansion

ositive
> &



Eikonal approximation

The eikonal approximation implements the soft limit on the level of the
equations of motion

a’?\Ija(ka 77) T Qabqu(ka "7) — /ﬁ)/abc(klv kQ)\Ilb(kh n)\DC(k% 77) )

[Bernardeau et al '11]



Eikonal approximation

The eikonal approximation implements the soft limit on the level of the
equations of motion

8”7\Ija(ka 77) T Qabqu(ka 77) — /ﬁ)/abc(klv kZ)\Ijb(kh n)\IjC(k% 77) )
leads to g <k

.

k-q
/ dq q—z\Ifa(k,n)\Ifz(q, 1)

Wo(k,n) = gav(n,m0) E(1, 10, k) Yy (K, 1m0)

(170, k) = exp { [ an [ dq %\Ifz(q, ﬁ)]

[Bernardeau et al '11]



Cumulants

These exponential expressions can be exactly evaluated assuming that the
soft modes are independent from the hard ones.

For example one finds
1
<6X> p— 62 ! Cn
This involves the cumulants.

cn, = (X™).

In diagrammatic language these are the connected diagramms. This
technique is quite similar to the effective action used in QFT.

[Bernardeau et al '11]



Eikonal results

[Bernardeau et al '11]

In the eikonal approximation, one reproduces the (in leading order) the
propagator including soft corrections

G(k7n7770) — 9("77770) <£(k9777770)>

137.2 2

@ ~ - X €

However, the effect of the soft modes cancels in the power spectrum and one
recovers the linear result

P(kan) — PL(kvn) <£(k)£(_k)>
P(kan) — T

How does this fit with RPT?
Is the eikonal approximation missing some dynamics in the power spectrum?



More resummations

PRPT ~ —@—D—@—

In fact RPT is missing something

These diagrams can also be resummed if all loops are
soft. In RPT they appear in the high multi-point
contributions.

[Blas, Garny & Konstandin '13]



Enhancement through soft modes

—q ( k- q 2
~ /dSq (—) P(q) = ko7

2
q
The relative factor 2 comes from the ordering, the sign from the hard momenta.

1 m-4n
Z mln'll(_a“%kZ/z) " (Jng)l = -
m,n,l R

There is an intricate cancellation of soft effects at fixed loop order.



How does it fit with RPT?

For large momenta, the contributions from higher
O multipoint correlations dominate.

This cancellation does not only appear in the >
leading soft corrections. In fact, corrections from
(O soft loops should not be relevant in equal time
correlators (Galilean invariance — GR equivalence
principle).
[Peloso & Pietroni '13] >
The observed cancellation can be made explicit
® before the integrals are performed. This is important
for the numerical stabililty.
[Blas, Garny & Konstandin '13]
[Senatore et al '13]

So does SPT converge after all?



Actually not

Plin

-------- 1-loop
-------- 2-loop E

.—-|-—| 3-loop Kg=k ]

——i 3-loop Iog measure

100

ury
o

P(k,2=0) [(hMpc)

0.1 = ) y '.' ........................... ____________________________ M sE

k [h/Mpc]

Three loop results in SPT indicate that PT does not even converge for small
momenta at z=0.

But the result has some features of an asymptotic series.
[Blas, Garny & Konstandin '13]



Asymptotic behavior

For realistic initial conditions the asymptotic behavior of SPT can be inferred. For
large k one finds terms of the form (I < n)

Pr—ioop 2 ([kOk]'P* (k) a7 (K)
And for small k
Pactonp(0)  XPLE) [ daPH(@) o220
0
Both expressions involve
A
i (A,n) = / d’q P*(q,n)

What diverges logarithmically and is larger than unity for z=0.
[Blas, Garny & Konstandin '13]



Pade approximant

The Pade approximant represents well complex functions with a branch
cut or poles as a rational function

ap + a1 T+ asr? + -
1—|—b133—|—b23§‘2—|—°--

fla) =

and can be matched to the Taylor expansion.

Here we use the Pade approximant of the integrand with 1* —= o l2



Resummed leading monomial

P(k,z) ~ Pr(k) + c(2) k* Pr(k)

Correction to P(k,z) rel. to one—loop

1_1-5 |1 Ll II- I | L} 1 I | 1 | l I L] | I
] i
e HEEIED
N
s
2
o
™~
= 1.05
o
1.00
l | | I
0 2 4 6 8 10
redshift z




Pade power spectrum z = 0.833
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Pade power spectrumz =0
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Conclusions

Most resummation schemes focus on resumming soft effects related to the
scale

However, in equal-time correlators there is no enhancement related to the scale.

The failure in the convergence of SPT at late times is related to another quantity
that is large, namely

A
(A, ) = / g Pu(g.n)

Even for small momenta, SPT converges at best asymptotically. Most
resummation schemes share this property.

A Pade resummed SPT result looks promising in this regime.
[Carlson, White & Padmanabhan '09]



Asymptotic behavior

For large k one can extract the leading log.
For small k one can extract the leading power law.
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