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Divergences and their cure
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With all this, it seems we have a complete recipe to do particle physics:

* |dentify the weakly coupled degrees of freedom.

* Choose an appropriate interpolating field.

* Write an interacting field theory compatible with the symmetries of the system.

* Compute the correlation functions in perturbation theory.

* Use the LSZ reduction formula to evaluate perturbatively the S-matrix
elements and cross sections.
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With all this, it seems we have a complete recipe to do particle physics:

* |dentify the weakly coupled degrees of freedom.

* Choose an appropriate interpolating field.

g
% Write aK /el xam.

A particle can exist in the theory even if there is no field
associated with it. Particles can appear as poles (i.e., bound states)

* Comp| , the Green functions of other fields.
However, when computing S-matrix elements, it is convenient _
* IUse Y to introduce them through their interpolating fields. th”x
eleme
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The problem comes when computing quantum corrections...
Restoring the powers of 71, the Feynman rules of a @' are

_ ih \/ . &
p>—m?+ic /\ h

The power of 71 of a diagram with E external lines, I internal propagators, and V vertices is

while the number of loops in the diagram is

global conservation
delta function

L=I-(V-1)=I-V+1

\ # of independent

# of integrations delta functions

Thus, #(h) =1 —V = L — 1 and an L-loop diagram scales as pl—1
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However, loop diagrams frequently give divergent results.
pP1 pP3 P1 P3 P1 pa
P2 P4 P2 P4 P2 p3

N[ dYk 1 1
2 ) 2m)* k2 —m24ie | (k+py +p2)? —m? +ie

1 1
+ — T :
(k 4+ p1 +p3)?2 —m? + ie (k+p1—|—p4)2—m2—|—26]

These integrals are logarithmically divergent

/Nk?’dk
/ d*k 1 1 /OO dk .
(2m)% k2 — m? +ie (k + p1 + p2)? — m? + ic koo

\\—>Nk4
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\P

To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:

d*p 1 ( /OO ) > >
I = ~ d °
/(277)4p2—m2—|—ie P
/ dp 1
= —1
(2m)4 0%, + m?

There are many ways to make sense of this. For example:

e Sharp momentum cutoff A

d* 0 g 1
I(A) = —i ~ A?
(A) ’ / (2#)4€%+m2

lE|<A

This method, however, breaks Lorentz and gauge invariance.
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To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:
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I p— ~ d
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(2m)4 0%, + m?
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d* 0 g 1
I(A) = —i ~ A?
(A) ’ / (2#)4€%+m2

lE|<A

This method, however, breaks Lorentz and gauge invariance.
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e Pauli-Villars method: introduce a number of fictitious fields with large masses M;
and whose propagators have the “wrong” sign

dp
I(M;) = _
(M) /(%)4 P2 —m2—|—ze Z M2+ze

’[,_

[ d¥E 1 Z gi o

= —1 1 5 5 5 5 Wolfgang Pauli Felix Villars

(2m) {n +m P 05 + M: (1900-1958) (1921-2002)

Pauli-Villars regularization is Lorentz and gauge invariant, but rather cumbersome.

e Dimensional regularization: define the Feynman integrals in d dimensions
and continue d to complex values.

ddp 1 , ddgE 1
I(d) = — = — 5
(27)4 p?2 — m? + e (2m)2 0%, + m?

This requires the introduction of an energy scale y to preserve the dimensions of
the coupling constant. E.g., for a scalar ¢* theory A — pAmd)

Dimensional regularization preserves Lorentz and gauge invariance, but one has
to be careful when working with chiral theories!
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Once the theory is regularized, we can compute finite scattering amplitudes
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Once the theory is regularized, we can compute finite scattering amplitudes

external momenta

N
il = f(pi; \m, A) D0

2

masses

couplings

M.A.Vazquez-Mozo Quantum Field Theory and the Standard Model Taller de Altas Energias 2017



Once the theory is regularized, we can compute finite scattering amplitudes

external momenta

™
il = f(pi; \m, A) D0

, cutoff
couplings
masses

To handle the theory, we introduce the notion of renormalization:

» : Hendrik A. K
* Only measurable quantities are physical. 18941950

* The quantities appearing in the Lagrangian (masses, couplings, fields, etc.) are
unphysical.

Po(z) =/ Z(A)g(x)

* Divergences are ‘“absorbed” in the unphysical parameters

A —

1M = f(pz'; Ao(A), mo(A), A)

N f(p,“ A, m) renormalized

v quantities

* The cutoff dependence of the parameters is fixed by the definition of physical quantities
(renormalization conditions).
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Let us apply this program to a scalar ¢*theory.The renormalized Lagrangian is

og/ﬂren — % mboa“% _ mO(QA)2§b(2) _ M E)l @)(SB) —V Z(A)gb(@

= S Z(A)2,60") mo(AZ(R) 5 MAZA)?

It can be rewritten in terms of the finite, renormalized, masses and couplings as

1 m’ 2 2 4
Lrew = 504000 — 67— N6+ 2620,00"0 — 6+ D

N

counterterms

Z(A) =140dz(A) ﬁynman rules for countertera

m()(A)2 :m2+5m(A) — 252—5 )

Mo(A) =X+ 6x(A) X
— iy,
& /
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1 m2 A\ 1 0 )
_ - wy MY A4 2 poa o Om o2 YA 4

By construction, quantities computed from the renormalized Lagrangian are finite.
Renormalization can now be systematically implemented:

® Regularize the theory.

¢ Compute loop diagrams using the Lagrangian

Ay

1 m?
_ w042
< 2“¢8¢ 2¢ 4!

® Fix the counterterms to eliminate the divergences at each loop level.

e Evaluate physical quantities in terms of finite renormalized parameters.

e Compute amplitudes
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Let us look at it hands=-on: ¢* at one loop.

At one loop there are two divergent diagrams by power counting:

0 O e

~ A?
Using a hard cutoff, we have
U _apm o oo oen
P 2 (2m)% p? — m? + ie 2 (2m)4 02, 4+ m?
e |<A mandelstam variables
im2\ [ A? A2 PR s = (p1 + p2)°
T 32n2 [m2 ~ log (W)] - Hnite plece t = (p1 — p3)°
_ . 2
P1 P3 \ = (1 p4)J
ixz o [! A? A2
d = dx <1 ]
U erosse 3272 /0 :13{ o8 [mQ —x(1 — x)s] Tlog [m2 —x(1 — x)t]
P2 D4
A2
+ log [m2 g az)u] } + finite piece
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Let us look at it hands=-on: ¢* at one loop.

At one loop there are two divergent diagrams by poweHn

9

Using a hard cutoff, we have

0 _ o -
p = — — p—

~ A2

A d*p 7
2 (2m)% p? — m? + ie

im2\ [ A2 A? , ,
= > — log + finite piece

3272 |m m2

P1 P3
IM2

Giagrams with subdivergences\

are dealt with by renormalizing

_iA

@e divergent subdiagram. J

/ dlg 1
2 (2m)4 02, 4+ m?
| <A &andelstam variables
s = (p1 +p2)2
t = (p1 — p3)°

QL = (p1 — p4)2j

1 A2 A2
d = dr <1 1
—+-Ccrosse 3972 /0 5’7{ 0g [mQ _ x(l _ x)s] 1108 [mZ — 58(1 — x)t]

P2 P4
A2

m? — x(1 — x)u

+log[
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Let us look at it hands=-on: ¢* at one loop.

At one loop there are two divergent diagrams by poweHn

9

Using a hard cutoff, we have

0 _ o -
p = — — p—

~ A2

A d*p 7
2 (2m)% p? — m? + ie

im2\ [ A2 A? , ,
= > — log + finite piece

3272 |m m2

P1 P3
IM2

Giagrams with subdivergences\

are dealt with by renormalizing

_iA
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P2 P4
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m? — x(1 — x)u

+log[
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Let us look at it hands=-on: ¢* at one loop.

At one loop there are two divergent diagrams by power counting:

0 O e

~ A?
Using a hard cutoff, we have
U _apm o oo oen
P 2 (2m)% p? — m? + ie 2 (2m)4 02, 4+ m?
e |<A mandelstam variables
im2\ [ A? A2 PR s = (p1 + p2)°
T 32n2 [m2 ~ log (W)] - Hnite plece t = (p1 — p3)°
_ . 2
P1 P3 \ = (1 p4)J
ixz o [! A? A2
d = dx <1 ]
U erosse 3272 /0 :13{ o8 [mQ —x(1 — x)s] Tlog [m2 —x(1 — x)t]
P2 D4
A2
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4 )
Q im?\ [ A? A? , ,
=392 |2 log 3 + finite piece
\_ _J

From this result we can identify two of the counterterms at one loop:

52‘ — 0

1—loop
m2\ [ A? A?
5m‘ = — —log | —
1—loop 3272 | m? ,LL2

where we have introduced an arbitrary energy scale . The “bare”, cutoff-dependent

o = i(p%0z — On)  ——

mass at one loop to be

mo(A)? =m” + 6, (A)  —— mo(A)2:m2{1 : [A2_10g<A2>”

3272 | m?2 u?

and

Z(A)=1+0d7(A) m (A =1 no field renormalization at one loop!
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"\ ix2 ! A2 A? )
- dx 41 1
+crossed 39,2 /0 x { 0g [mz — (1 - x)s] T log [mZ —x(1 — iB)t]

A2

+ log [ ] } + finite piece

m? —z(1 — z)u

\_ J

The logarithmic divergence is cancelled by choosing the counterterm

, 32 A?
>< I P (F)

where U is an arbitrary energy scale.

The “bare” coupling constant at one=loop is:

3\? A?
Ao(A) = A+ 0\ (A) )\ (A) =)+ log | —
3272 2
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Warning!!! Renormalized quantities are not necessarily physical!

Physical quantities are defined operationally. Let us look a the mass.

In general, the two-point function (full propagator) is given by

+ —flwm— + —ftiem—lp— + —Lie—bee—Lie— +
o j N j N N
T2 _m2 +p2_m2ﬂ(p )pQ—mQ +p2_m2ﬂ(p >p2_m2H(p )pQ—mQ T
. o mn
) ') ) 1
5 _ o [ 5 _ 9 5 _ .9 2
p? —m?* =~ p? —m p* —m= 1 —1I(p?) zrm

[/
p* —m? —ill(p?)

We can define the physical mass as the pole of the full propagator

physical mass
e N\

2 2 . 2 _ — »
mphys — fn{, — ZH(mphys) — () (mass renormalization condltloD

renormalized mass
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Warning!!! Renormalized quantities are not necessarily physical!

Physical quantities are defined operationally. Let us look a the mass.

In general, the two-point function (full propagator) is given by

thus,

\_

p?> —m” —ill(p?)

dIl
1 —71— (p2
( dp2 p2:m12)hys
dll
e —0
dp?

(In fact, we also have to require that the residue at the pole equals i \

— m

.2
p2_’mphys \ J

f)hys) 4

i
p* —m? —ill(p?)

We can define the physical mass as the pole of the full propagator

physical mass
e ™\

2 m? — ill(mZ,..) =0

M.A.Vazquez-Mozo

m

phys X phys

renormalized mass

Quantum Field Theory and the Standard Model

(mass renormalization conditioD
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(m]?)hys - m2 - iH(m]?)hys) — )

From our loop calculation,

H(pQ)l—loop — O + @

im?\ [ A? | A? N im?\ [ A? " A?
_— — — 10 —_— — -
3272 | m? 5\ m2 3272 | m? 5 (2

im2\ | m?
— — 0O -
3272 0\ 12

which momentum independent. Thus, the physical mass is given in terms of the

renormalized parameters m and A by

A m?
2 2
Mohys = M [1 + 392 log <?>]

which is independent on the (unphysical) momentum cutoff.
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(m]?)hys - m2 - iH(m]?)hys) — )

From our loop calculation,

H(pQ)l—loop — O + @

im?\ [ A? | A? N im?\ [ A? " A?
_— — — 10 —_— — -
3272 | m? 5\ m2 3272 | m? 5 (2

imA\ m? dll
_ — 327‘(‘2 lOg <F> \l at one |OOPZ d_p2 = (

which momentum independent. Thus, the physical mass is given in terms of the

renormalized parameters m and A by

A m?
2 2
Mohys = M [1 + 392 log <?>]

which is independent on the (unphysical) momentum cutoff.
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Next we look at the coupling constant.

We can define the physical coupling constant, for example, as

N
N

_i)\phys —

From our calculation

A=
= + + crossed +
N

A+ A /1d l A" + lo
= — 0
SARREDYS 0 U8 2 r(l —x) Slmz r(l — x)t

1 A? 3i)\? | A2
- 0
%% |mz z(l—x)u 3272 0 >

s = 4m? _ IM2 1 lu2 ,u2
(t:u:()> :—2)\+327T2/0 dx{log [m2(1—2x)2] + 2log (W)}
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| | 2 [l 102 12
—7J>\phys = —I\ —+ 327‘_2 /0 dx {lOg [mQ(l — 23:)2] -+ 210g (W) }
L 3ia? ! 112 1 )
1
' [/ dz log(1l — 2x)? = a
0

\? 3 u?
Arvs = AT 762 [1 Fale (m)]

Other definitions of the physical coupling lead to different results. For example:

N >

| - 3\2 1
—1Aphys = PN - Aphys = A — 3272 [2 (1 - V2arctan \@) Floe (512)]
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A m? A2 3 2
2 _ 2 — )\ — _ LA
mphys =m [1 —+ 327‘(‘2 lOg <F>] )\phys = A 1622 [1 + 9 lOg (mg)

Physical quantities cannot depend on the fiducial scale y.The explicit dependence is
compensated by the one of the renormalized parameters.

Let us begin with the coupling

d)\phys

=0
dp

L

o

DY A (AT (] B
'ud,u 872 'ud,u 2 5\ 2 1672

At leading order in A

dA 32
-7 _ TR e BN =pu
M~ Tem2 = 0 )

This defines the beta function.
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A m? A2 3 2
2 _ 2 — )\ — _ LA
mphys =m [1 —+ 327‘(‘2 lOg <F>] )\phys = A 1622 [1 + 9 lOg (mg)

Physical quantities cannot depend on the fiducial scale y.The explicit dependence is
compensated by the one of the renormalized parameters.

Let us begin with the coupling

This defines the beta function.
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A m? A2 3 2
2 2 _ 2
Mohys = M [1 + 9.2 log < 5 >] Aphys = A = [1 + 5 log ( 2)]

Next we deal with the physical mass

d_m2 14 A lo m_2 + m?
o 3972 0\ 2 3972

Dropping subleading terms in A

with is the Callan-Symanzik gamma function.
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A m? A2 3 2
2 2 _ 2
Mohys = M [1 + 9.2 log < 5 >] Aphys = A = [1 + 5 log ( 2)]

Next we deal with the physical mass

phys

'/[ ~ 1672
() [+ e ()] v s (o) st ) - ] =

Dropping subleading terms in A

dm A S\ = _

with is the Callan-Symanzik gamma function.
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A m? A2 3 2
2 _ 2 — )\ — _ LA
mphys =m [1 —+ 32772 log (?)] )\phys = A 1622 [1 + 9 lOg <m2)]

I‘G‘e"e is a further relevant functionh

be defined

d

_ 1 0
Han ~ 16m2
but at one loop for the ¢* theory H

A) =0
(M) . _ VT
(no field renormalization) j S u? +W MW 1672 |
Dw
2
dm?  Am? . N = HdmT A
Hdn T 1672 =Y me(A) = m2 dy 1672

with is the Callan-Symanzik gamma function.
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We can now compute the four-point amplitude in terms of our physical quantities:

A m? A2 3 2
2 _ 2 _
Miohys = M [1 + 59,3 log (MQ )] Aphys = A — 62 [1 + 5 log <m2>]

Inverting them at this order, we have
3 2
1+ - log ( 'L2L )}
2 M hys

A m? | A2
m2 — mIZDhys 1 — o log ( pSYS) A= )‘Phys + by

3272 v 1672

while for the amplitude we have found

o<
+ + crossed +
N

A2l 12 12
= —iA dx <1 1
AT 3272 /0 v { o5 [m2 —x(1 — x)s] Tlog [m2 —x(1 — x)t]

=)
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ixz ! W - u
M = —i) dz {1 1 :
iM 1 +327T2/0 x{og [m2—az(1—x)S]+Og [m2—x(1—x)t]+Og[m2—$(1_$)u]}

mQ . m2 1 — )\phys phys )\ )\ b phys _|_ 3 lOg :u2
Phs 3272 | phys F g2 m2y .

At order A2 the corrections to the mass are irrelevant, thus

IN2 m?
iM(s,t,u) = —iAphys + Phys / dx {log { 5 phys + log
0 m

3272 “hys — T(1—x)s

2
Mphys }

mf)hys —x(1 —x)t

+ log

m?)hys 9
5 _
M — (1 —2)u
The result is independent of U and satisfies the renormalization condition

iM(4m2,. ., 0,0) = —idpnys

phys>
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] +loe [m (i = x)t] Floe [m = x)u] }

3 2
Hlog( z )}
2 M hys

/X

_ phys
A= o T g

At order A2 the corrections to the mass are irrelevant, thus

IN2 1 m2
iM(s,t,u) = —iAphys + Phys / dx {log { 5 phys + log
0 m

3272 “hys — T(1—x)s

2
Mphys }

mf)hys —x(1 —x)t

+ log

m?)hys :| 2}
2 _ 1 — B
M — (1 —2)u
The result is independent of U and satisfies the renormalization condition
iM(4m2,. ., 0,0) = —idpnys

phys>
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] +loe [m (i = x)t] Floe [m = x)u] }

3 2
Hlog( z )}
2 M hys

/X

_ phys
A= o T g

At order A2 the corrections to the mass are irrelevant, thus

= —log(1 — 2x)? =0

i\2 1 m2 m?
M | t7 _ )\ . phys / d 1 phys 1 phys
[ (3 “) ?Aphys T 39772 0 L9 108 mf)hys _ 33(1 — ;p)g 1108 mf)hys — :U(l — a:)t

=0

2 -
+ log Mphys — 2
mf)hys —z(l —x)u 7,

The result is independent of U and satisfies the renormalization condition

1
/ dr log(1 — 2z)* = a
0
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Effectively, once the one=-loop correction has been included, the effective coupling
constant is given by

~ 2 \ / 3in2 ! 2
—tAeff (q7) = Iz = —I\+ / dzx log [ 5 2]
0 m= —

/ \ 3272

3~t~u~q2

_ y _
35 \2 2 A2 \/1— — + 1
— i+ 22 og ([ Eo ) 42— 1 - T 1og ?
3272 m2 g2 \/1 _Am? 4

For large momenta q2 > m?, this is given by

et (q7) = A [1 + 222 log (q—Z)]

3272 [

Noticing that \eg(1t°) = X, this can be written as

3>\eff (NQ) log (q2

Metr (¢2) = e (102) |1 + . — mmml [ = reference scale
32T L4
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3)\6 2 Beware!
Aost (1) = Ao (1) |1 + to) ) o (“—)] emall change

in notation

This running is also governed by the one 0520}

loop beta function :
0.515}

dAeft 3N2 5
" T 16m2 o510
For the ¢* theory, the effective coupling 0505 _
grows with energy wesli— 3(\) > 0 o 20 40 e 80 100
u
Integrating the beta function equation we have -
>\e blows up at 1672
Aett (1) = (#o) - = pperet(r0)  Landau pole
1 — 3 et (10) 1 o
1672 0g o
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A similar calculation of the effective coupling can be carried out in QED:

pof - 3{ o

= 1o (B ™) 1 (5" 1) + s (B ) 3 T0(@) (B )
where
k+q
gy — 2z qy [ AT mp) v+ g+ )]
”'“O“” =1 (a) = & (=ie)( 1)/(%)4 (k2 —m2 +ie)[(k + q)2 — m3 + ic]
k

I1,..(q) = CA277/W + H(QQ)(Q277W — quqv)

o)
\O
.195'
X \
. . )
Breaks gauge invariance, cured ("'%@‘\%‘5

by adding a local counterterm Gauge invariant and

2 logarithmically divergent
AL ~ N2A, A"
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A similar calculation of the effective coupling can be carried out in QED:

where
k+q
i — gy [ T mp)y g mp)y]
N-V\OWV =11 (Q)—Z ( ) ( 1)/(27_‘_)4 (k2—m?—|—ze)[(k—|—q)2—m?~—l—ze]
k

I1,..(q) = CA277/W + H(QQ)(Q277W — quqv)

o)
\O
.195'
X \
. . )
Breaks gauge invariance, cured ("'%@‘\%‘5

by adding a local counterterm Gauge invariant and

2 logarithmically divergent
AL ~ N2A, A"
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Forgetting about the spurious quadratic divergence, we have

62 q2 .
HMV(Q) — [127_‘_2 log (F) -+ ﬁl’lltG] (q277,u1/ _ QMQV)

The logarithmic divergence can be cancelled by a counterterm

€

2 2
o H 2
U A~~~ v — — 127‘(‘2 lOg (F) (q 77/;1/ T unu)

The total contribution to the e e™ — ,u_pﬁ scattering is then

pod 3 Jo{ )

62

02 ;2
= Nap (V7 Ue) {4774]2 [1 + 93 log (E)] } (@ﬁﬁuu)

- — (e eeff(q2)2 —
= Nap (Ve Ue) [ d7q? ] (U//VBU/A)
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The QED running effective charge is then defined by

242 2 e’ (12
eeff(q ) — € [1 + 1272 lOg (E)]

D

eoft (1) = €orr (o) [1 + cett (1) log (H—2>]

1272 I

As in the ¢* case, the QED beta function is positive and the coupling grows with energy

3

ﬂ( ) e >0 0520 T T T T T T
€)QED = ' '
DT 1972
0.515-—
Again, there is a Landau pole, which for the
Standard Model is located at ¥ erol
MLandau ™ 1034 GeV 0'505}
CI)I | IZIOI | I4IOI | I6I0I | I8IOI | I‘ICI)O
well beyond any other relevant energy scale. p
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Heuristically, the running coupling can be understood in terms of screening

As in a dielectric medium, the polarization of the
vacuum screens the bare charge
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Heuristically, the running coupling can be understood in terms of screening

¥
0%
ed
3
N

P
'
BTl
0

- A
LTS

OTUN

As in a dielectric medium, the polarization of the ( ~ )'

vacuum screens the bare charge
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