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Some statistics books, papers, etc.

G. Cowan, Statistical Data Analysis, Clarendon, Oxford, 1998

R.J. Barlow, Statistics: A Guide to the Use of Statistical Methods in
the Physical Sciences, Wiley, 1989

Ilya Narsky and Frank C. Porter, Statistical Analysis Techniques in
Particle Physics, Wiley, 2014.

L. Lyons, Statistics for Nuclear and Particle Physics, CUP, 1986

F. James., Statistical and Computational Methods in Experimental
Physics, 2nd ed., World Scientific, 2006

S. Brandt, Statistical and Computational Methods in Data
Analysis, Springer, New York, 1998 (with program library on CD)

C. Patrignani et al. (Particle Data Group), Review of Particle
Physics, Chin. Phys. C, 40, 100001 (2016); see also pdg.1bl.gov

sections on probability, statistics, Monte Carlo
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Theory < Statistics «» Experiment
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Quick review of probablility

Frequentist (A = outcome of | ~ outcome is A
. P(A)= lim
repeatable observation): S n
Subjective (A = hypothesis): P(A) = degree of belief that A4 is true
P(AnN B)

Conditional probability: P(A|B) = P(B)

P(B|A)P(A)  P(B|A)P(A)
P(B)  x;P(B|A4;)P(A)

Bayes' theorem:  P(A|B)
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Frequentist Statistics — general philosophy

In frequentist statistics, probabilities are associated only with
the data, i.e., outcomes of repeatable observations (shorthand: T ).

Probability = limiting frequency
Probabilities such as

P (Higgs boson exists),
P (0.117 < o, < 0.121),

etc. are either O or 1, but we don’t know which.

The tools of frequentist statistics tell us what to expect, under
the assumption of certain probabilities, about hypothetical
repeated observations.

A hypothesis 1s 1s preferred if the data are found 1n a region of
high predicted probability (i.e., where an alternative hypothesis
predicts lower probability).
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Bayesian Statistics — general philosophy

In Bayesian statistics, use subjective probability for hypotheses:

probability of the data assuming

hypothesis 7/ (the likelihood) . Vs El;ifcz; Srszlz?rl::;litthyé ic.1 S{t’a

. _ _ P(@@H)m(H)
/P (H|Z) [ P(Z|H)n(H) dH

posterior probability, 1.e., \ normalization involves sum
after seeing the data over all possible hypotheses

Bayes’ theorem has an “if-then” character: If your prior
probabilities were (H), then 1t says how these probabilities
should change in the light of the data.

No general prescription for priors (subjective!)
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The likelihood function

Suppose the entire result of an experiment (set of measurements)
1s a collection of numbers x, and suppose the joint pdf for
the data x is a function that depends on a set of parameters 6

P(x|6)
Now evaluate this function with the data obtained and

regard 1t as a function of the parameter(s). This 1s the
likelihood function:

L(8) = P(x|0) (x constant)
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The likelihood function for 1.1.d.*. data

* 1.1.d. = independent and identically distributed

Consider n independent observations of x: x,, ..., x,, where
x follows f (x; 6). The joint pdf for the whole data sample is:

1=1

In this case the likelihood function is

L(0) = [ f(xi; 6) (x; constant)
i=1
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Frequentist parameter estimation

Suppose we have a pdf characterized by one or more parameters:

f(x;0) = —e_x/e

7N

random variable parameter

Suppose we have a sample of observed values: © = (x1,...,xn)

We want to find some function of the data to estimate the
parameter(s):

o(z) «— estimator written with a hat

Sometimes we say ‘estimator’ for the function of x, ..., x,;
‘estimate’ for the value of the estimator with a particular data set.
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Properties of estimators

Estimators are functions of the data and thus characterized by a
sampling distribution with a given (co)variance:

. best
9(9;0) /,/\ .
large '\, biased
variance
\
_ N\ -
T " 9
0
In general they may have a nonzero bias: b=E[f] —6

Want small variance and small bias, but in general cannot optimize
with respect to both; some trade-off necessary.
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Maximum Likelithood (ML) estimators

The most important frequentist method for constructing estimators
1s to take the value of the parameter(s) that maximize the
likelihood (or equivalently the log-likelihod):

WL

f = argmax L(z|0)
0

v
®

®> - .- - - — -

In some cases we can find the ML estimator as a closed-form
function of the data; more often it is found numerically.
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ML example: parameter of exponential pdf

1
Consider exponential pdf, — f(t;7) = —e t/7
-

and suppose we have 1.1.d. data, t1,...,tn
L |
The likelihood function is L(7) = [[ —e /"
i=1"7

The value of 7 for which L(7) 1s maximum also gives the
maximum value of 1its logarithm (the log-likelihood function):

L) =S Infltgm) =Y (lnl_ﬁ)
=1

i—=1 T T
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ML example: parameter of exponential pdf (2)

o . . olnL
Find its maximum by setting 5 (7) =0,
T
1 n
— t;
- P=r Y .

075

Monte Carlo test:

generate 50 values s |

using 7= 1:
025 F
We find the ML estimate:
O 11
T =1.062 0 1 2 o 4 5
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ML example: parameter of exponential pdf (3)

For the exponential distribution one has for mean, variance:

EM:A

> 1
t—e t/Tdt =1

T

> 1
V[t] = / (t—7)2=e Y7 dt =72
0 T

: 1 2
For the ML estimator 7= =) ¢;  we therefore find
n =

E[#]=E

V[#] =V

G. Cowan

DS Bl =7 —> b=E[f]-7=0

1=1

n 2
1 T T
Sy ViEl=2  — o=
1=1
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Variance of estimators: Monte Carlo method

Having estimated our parameter we now need to report its
‘statistical error’, 1.e., how widely distributed would estimates

be if we were to repeat the entire measurement many times.

One way to do this would be to simulate the entire experiment
many times with a Monte Carlo program (use ML estimate for MC).

For exponential example, from CREN!
sample variance of estimates Jm
we find: 100 %
o> = 0.151
Note distribution of estimates is roughly ~ | % ‘
Gaussian — (almost) always true for -
ML 1n large sample limit. "o o5 1 15
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Variance of estimators from information inequality

The information inequality (RCF) sets a lower bound on the

variance of any estimator (not only ML): . ,
Minimum Variance

9N 2 921n I, Bound (MVB)
sz(““%) /E[_ 962 ] (b= E[0] - 0)

Often the bias b 1s small, and equality either holds exactly or
1s a good approximation (e.g. large data sample limit). Then,

821In L
s f[EE

Estimate this using the 2nd derivative of In L at its maximum:

_1
18] = — (82In L)

062

-~

0=0
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Variance of estimators: graphical method

Expand In L (6) about 1ts maximum:

InL(9)=InL(§)—|—[ - ]9:§(9—§)+%[ | (-0

oln L 02 1n L]
0=0

Firstterm1s In L., second term 1s zero, for third term use
information inequality (assume equality):
0 — 0)2
In L(0) =~ In Lmax — ( — )
2025

ie., InL(O+ G5) ~ IN Lmax —%

— to get 05, change O away from & until In L decreases by 1/2.
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Example of variance by graphical method

5 -52.5 T T T
. . q
ML example with exponential: toAt t teAt
T = 1.062
AT  — 0.137 I P AN S ogL__ 12 -
A7y = 0.165
A ) ) 54 I
Gz ~ AT~ AT, ~0.15 0.8 1 1.2 1.4 1.6

Not quite parabolic In L since finite sample size (n = 50).
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Information 1nequality for N parameters

Suppose we have estimated N parameters § = (64, ...,0y) .

The (inverse) minimum variance bound 1s given by the
Fisher information matrix:

2 92 L
I =B ~0°InL _ . f(m;e)a In f(x;0) g
00,00 00,;00 ;

The information inequality then states that V' — I"! is a positive
semi-definite matrix, where V;; = cov([f;,0;]. Therefore

Vgl > (I Yy

Often use I"! as an approximation for covariance matrix
92

estimate using e.g. matrix of 2nd derivatives at maximum of L.
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Prelude to statistical tests:
A simulated SUSY event

high p.. jets
of hadrons

missing transverse energy
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ATLAS Aatlantis

G. Cowan

Background events

Event: myFiles2_8.4.0_3026_7999%02

This event from Standard
Model ttbar production also
has high p. jets and muons,
and some missing transverse
energy.

— can easily mimic a
SUSY event.
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Frequentist statistical tests

Suppose a measurement produces data x; consider a hypothesis /,,
we want to test and alternative H,

H,, H, specify probability for x: P(x|H,), P(x|H,)

A test of H,, 1s defined by specifying a critical region w of the
data space such that there 1s no more than some (small) probability
o, assuming f, 1s correct, to observe the data there, 1.e.,

Px € wlH))< data space Q

Need inequality 1f data are /
discrete.

a 1s called the size or
significance level of the test.

If x 1s observed 1n the
critical region, reject H,,. critical region w
G. Cowan TAE 2017 / Statistics Lecture 1 23



Definition of a test (2)

But in general there are an infinite number of possible critical
regions that give the same significance level o.

So the choice of the critical region for a test of /4, needs to take
into account the alternative hypothesis H,.

Roughly speaking, place the critical region where there 1s a low
probability to be found if H,, 1s true, but high if H, 1s true:

"y e \'\-l—\cal yeaton W
': b/‘/—?(x\HA
X

G. Cowan TAE 2017 / Statistics Lecture 1
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Classification viewed as a statistical test

Probability to reject H,, if true (type I error): « = f(x|Hp)dx
W

a = size of test, significance level, false discovery rate

Probability to accept H, if H, true (type II error) 5 = f(x|Hy)dx
w
1 = p = power of test with respect to H,

Equivalently if e.g. H, = background, H, = signal, use efficiencies:

e, = | f(x|Hp) =
W

es= | f(x|H1) =1— B = power
W
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Purity / misclassification rate

Consider the probability that an event of signal (s) type
classified correctly (i.e., the event selection purity),

Use Bayes’ theorem:

£ prior probability

Here W is signal region

N \/
P(x € W|s)P(s)
PexeW) = 5 cWioPE) + Px e Wh)P(D)
\ N e
posterior probability = signal purity
= ] — signal misclassification rate

Note purity depends on the prior probability for an event to be
signal or background as well as on s/b efficiencies.

G. Cowan TAE 2017 / Statistics Lecture 1
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Physics context of a statistical test

Event Selection: data = individual event; goal is to classify

Example: separation of different particle types (electron vs muon)

or known event types (ttbar vs QCD multijet).
E.g. test H, : event is background vs. H, : event is signal.

Use selected events for further study.

Search for New Physics: data = a sample of events. Test null hypothesis
H, : all events correspond to Standard Model (background only),
against the alternative

H, : events include a type whose existence is not yet established
(signal plus background)

Many subtle issues here, mainly related to the high standard of proof
required to establish presence of a new phenomenon. The optimal statistical
test for a search is closely related to that used for event selection.
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Statistical tests for event selection

Suppose the result of a measurement for an individual event
is a collection of numbers & = (x1,...,Zn)

x, = number of muons,
X, = mean p of jets,
X, = missing energy, ...

T follows some n-dimensional joint pdf, which depends on
the type of event produced, 1.e., was it
pp—tt, PP —4gg,-..
For each reaction we consider we will have a hypothesis for the
pdf of x, e.g., p(x|b), p(x[s)

E.g. here call H, the background hypothesis (the event type we
want to reject); [, 1s signal hypothesis (the type we want).
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Selecting events

Suppose we have a data sample with two kinds of events,
corresponding to hypotheses H, and H, and we want to select

those of type H,.

Each event is a point in  space. What ‘decision boundary’
should we use to accept/reject events as belonging to event
types H, or H,?

Perhaps select events
with ‘cuts’:

T, <

X j <Cj
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Test statistics

The boundary of the critical region for an n-dimensional data
space x = (x,,..., X,,) can be defined by an equation of the form

t(xy,....xn) = teut
where #(x,,..., x,) 1s a scalar test statistic.
We can work out the pdfs g(t|Ho), g(t|H1), - ..

2

g(1)

4

cut

Decision boundary is now a . accept Hy - refect H,
single ‘cut’ on ¢, defining |
the critical region. i g(tiHy) |

So for an n-dimensional
problem we have a 05 r
corresponding 1-d problem.

G. Cowan TAE 2017 / Statistics Lecture 1
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Test statistic based on likelihood ratio

How can we choose a test’s critical region 1n an ‘optimal way’?

Neyman-Pearson lemma states:

To get the highest power for a given significance level in a test of
H,, (background) versus H,, (signal) the critical region should have

f(x|Hy)
f(x|Ho)

> C

inside the region, and < c outside, where c 1s a constant chosen
to give a test of the desired size.

_ f(x|H1)
f(x[Hp)

Equivalently, optimal scalar test statistic is | #(x)

N.B. any monotonic function of this is leads to the same test.
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Neyman-Pearson doesn’t usually help

We usually don’t have explicit formulae for the pdfs f(x|s), f(x|b),
so for a given x we can’t evaluate the likelihood ratio

 f(xls)
") = 7o)

Instead we may have Monte Carlo models for signal and
background processes, so we can produce simulated data:

generate x ~ f(x|s) —  Xy,..., Xy

generate x ~ f(x|b) —  x,..., Xy

This gives samples of “training data” with events of known type.

Can be expensive (1 fully simulated LHC event ~ 1 CPU minute).
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Approximate LR from histograms

Want #(x) = f(x|s)/f(x|b) for x here

\/

)
=
Z

One possibility is to generate
MC data and construct
histograms for both

signal and background.

N(x[s) = f(x]s) —s

_—
—I

N(xib)

G. Cowan

Use (normalized) histogram
values to approximate LR:

N(x[b) = f(x|b) I N (z|s)
e \: t(z) ~ N (z|b)

Can work well for single

variable.
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Approximate LR from 2D-histograms
Suppose problem has 2 variables. Try using 2-D histograms:

> >
signal — ."-:-;;.f—.:‘;;:%.s':.i." . “._ ol . : back-
RS AN AT T[] eround
‘ N. - 4q....'_; ;. i _:. j
X W DA AN

Approximate pdfs using N(x,y|s), N(x,y|b) in corresponding cells.

But if we want M bins for each variable, then in n-dimensions we
have M" cells; can’t generate enough training data to populate.

— Histogram method usually not usable for » > 1 dimension.
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Strategies for multivariate analysis

Neyman-Pearson lemma gives optimal answer, but cannot be
used directly, because we usually don’t have f(x|s), f(x|b).

Histogram method with M bins for n variables requires that

we estimate M" parameters (the values of the pdfs in each cell),
so this 1s rarely practical.

A compromise solution 1s to assume a certain functional form
for the test statistic #(x) with fewer parameters; determine them
(using MC) to give best separation between signal and background.

Alternatively, try to estimate the probability densities f(x|s) and
f(x|b) (with something better than histograms) and use the
estimated pdfs to construct an approximate likelihood ratio.
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Multivariate methods

Many new (and some old) methods:

Fisher discriminant
(Deep) neural networks
Kernel density methods
Support Vector Machines
Decision trees

Boosting

Bagging

More on this 1n lectures on Machine Learning by Sergei Gleyzer.
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Extra slides
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Example of ML with 2 parameters

Consider a scattering angle distribution with x = cos 6,

A
> \)( _
1+ ax + Bx & P\ e

I\

orifx . <x<x_ ., need always to normalize so that

max?

/xmax f(x;a,8)dr =1.

L'min

Example: o=0.5, 3=0.5,x_. =-095,x_ =0.95,

min > “Ymax

generate n = 2000 events with Monte Carlo.

G. Cowan TAE 2017 / Statistics Lecture 1
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Example of ML with 2 parameters: fit result

Finding maximum of In L(¢, ) numerically (MINUIT) gives

- = 1 T T
a = O . 5 O 8 < —— Monte Carlo data

-- ML fit result

~ 08

B = 0.47

N.B. No binning of data for fit,
but can compare to histogram for
goodness-of-fit (e.g. ‘visual’ or y?). o2t

04 FI[fF~Y4--=3 .

. — 021In L .
(Co)variances from (V—1);; = — ~ (MINUIT routine
00;00; | g—g HESSE)
55 = 0.052 cov[a,B] = 0.0026
53 = 0.11 r = 0.46
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Two-parameter fit: MC study

Repeat ML fit with 500 experiments, all with n = 2000 events:

G. Cowan

| | |
0.25 05 0.75

© |

| |
0.25 05 0.75

_ ~ & = 0.499
_ sa = 0.051
' B = 0.498
_ 1 s; = 0.111
0 0.25 05 0.75 1 N
; covl@, B] = 0.0024
r = 0.42

Estimates average to ~ true values;

(Co)variances close to previous estimates;

marginal pdfs approximately Gaussian.
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Theln L_,. — 1/2 contour

For large n, In L takes on quadratic form near maximum:

In L(a, B) ~ In Lmax
1 N2 (6-8\° 3\ (56— B
o — — a— —
— —2
2(1—02)“ 0&) +(03> p( 007)(03 )}
The contour In L(«, 8) = In Lmax — 1/2 1s an ellipse:

1 (a—&>2+ B—p 22p<04—07> B-PB 1
(1—,02) oy JB 04 O'B
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(Co)variances from In L contour

0.7

06 | : The «, B plane for the first

MC data set
05 | truevalue — . -
a L ML fit result
<

04 \

03

.t InL(a,8) = InLmax — 1/2

| | |
0.3 0.4 05 0.6 0.7

o

— Tangent lines to contours give standard deviations.

— Angle of ellipse ¢ related to correlation: tan2¢ =

Correlations between estimators result in an increase
in their standard deviations (statistical errors).
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