
Matter under extreme 
conditions

Stefano Carignano

IFAE, February 2019



Today’s menu

• Matter at finite baryon density


• Matter at finite isospin density 


• Matter with a chiral imbalance

(*matter = boring standard model stuff)



Setting the stage
(the theory)



Quantum Electrodynamics 
(QED)

Describes charged fermions  
interacting with photons 

coupling constant is typically small: ↵EM ⇠ 10�2
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Quantum Electrodynamics 
(QED)

Describes charged fermions  
interacting with photons 

coupling constant is typically small:

perturbation theory viable!

↵EM ⇠ 10�2
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Quantum Electrodynamics 
(QED)

Describes charged fermions  
interacting with photons 

coupling constant is typically small:

perturbation theory viable!
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we like it



Quantum Chromodynamics 
(QCD)

Describes quarks interacting 

with gluons…

… and gluons interacting 

with gluons…



QCD Running coupling
Up to intermediate energies, 
the QCD coupling is large!  
 
Dynamical development  
of a characteristic scale


At high energies, coupling 
becomes small:  
   asymptotic freedom 


⇤QCD ⇠ 200MeV



QCD Running coupling

⇤QCD ⇠ 200MeV

Perturbation theory

Up to intermediate energies, 
the QCD coupling is large!  
 
Dynamical development  
of a characteristic scale


At high energies, coupling 
becomes small:  
   asymptotic freedom 




QCD Running coupling

⇤QCD ⇠ 200MeV

Perturbation theory

Tro
uble 

Up to intermediate energies, 
the QCD coupling is large!  
 
Dynamical development  
of a characteristic scale


At high energies, coupling 
becomes small:  
   asymptotic freedom 




QCD at low energies

• Confinement


• Spontaneous chiral symmetry breaking 

   Consequences of a large coupling for the QCD vacuum:

``Non-perturbative’’ effects 


 cannot be described using perturbation theory 




Confinement
Try pulling apart two quarks  
 (or a quark-antiquark)…

Hadrons break up into other hadrons:


    ->    No free quarks observed  

mesons (q̄q) and baryons (qqq)

Need to think carefully about 

the relevant degrees of freedom!



Chiral symmetry
• For massless quarks, it’s a symmetry of 


• Formally (2f):   


LQCD

SU(2)V :  ! ei⌧a✓
a

 

SU(2)A :  ! ei�
5⌧a✓

a

 

SU(2)V ⇥ SU(2)A ⌘ SU(2)L ⇥ SU2(R)

Is it a good symmetry? 



• Spontaneously broken by the QCD vacuum!  


• Non-degenerate chiral partners (sigma-pion, rho-a1..) 


• Goldstone modes: pions   


Chiral symmetry
• For massless quarks, it’s a symmetry of 


• Formally (2f):   


LQCD

SU(2)V :  ! ei⌧a✓
a

 

SU(2)A :  ! ei�
5⌧a✓

a

 

SU(2)V ⇥ SU(2)A ⌘ SU(2)L ⇥ SU2(R)



Dynamical mass generation

• Spontaneous breaking of chiral symmetry 
related to dynamical mass generation 

• Generation of a chiral condensate                                            
in the QCD vacuum

h ̄ i

• Interpretation: Strong interactions ``dress’’ particles and 
the interaction energy generates constituent masses  

�L�SB ⇠ M  ̄L R
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Extreme conditions
(=crank up the temperature/density)



QCD phase diagram 

temperature

baryon density (chemical potential)



QCD phase diagram 

temperature

baryon density (chemical potential)

“strongly coupled”
confined


chirally broken



QCD phase diagram 

temperature

baryon density (chemical potential)

de-confined

chirally restored

“strongly coupled”
confined


chirally broken

“weakly coupled”



QCD phase diagram 

temperature

baryon density (chemical potential)

confined

chirally broken

de-confined

chirally restored

phase transition“strongly coupled”

“weakly coupled”



QCD phase diagram 

Cabibbo & Parisi, 1975



QCD phase diagram 

Cabibbo & Parisi, 1975

Is that all ? 



Color superconductivity

• High density and low temperature:   
Fermi sphere of quarks



Color superconductivity

• High density and low temperature:   
Fermi sphere of quarks

• Weak coupling: attractive channel in 1-gluon exchange 



Color superconductivity

• High density and low temperature:   
Fermi sphere of quarks

• Weak coupling: attractive channel in 1-gluon exchange 

• Cold quark matter at (very) high density 
 is a color superconductor! 

Cooper instability: hqqi 6= 0
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40something years 
later…
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QCD phase diagram 

?



(some) Open questions

• Location of the phase transition(s?)


• Order of phase transition(s?)


• (How) are the chiral symmetry and (de)confinement  
transitions related ?


• Does color-superconductivity reach all the way 
 down to intermediate densities?


• Can some exotic phase appear at finite density? 



Studying dense matter 
could be relevant for 

Physics of compact stars  and heavy-ion collisions! 

nuclear matter  
saturation density



Intermediate densities
• From the theory side:   

               no lattice QCD 
               no perturbative expansions


• From the experimental side:  
               no heavy-ion collisions there (yet!) 
               no clear astrophysical signatures 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Intermediate densities

More exciting! 
exotic phases, 
several phase transitions..

OR

• From the theory side:   
               no lattice QCD 
               no perturbative expansions


• From the experimental side:  
               no heavy-ion collisions there (yet!) 
               no clear astrophysical signatures 
            

-> Physics in that region could be 
Quite boring: 
 first-order phase transition 
separating hadrons/QGP 
 and that’s it 
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Unlikely? 
Who knows, think for example of water

The picture I usually  
have in my head What it actually is like

vapor

ice

liquid

T

P

VS.



Quarkyonic matter
• Very speculative/qualitative scenario for dense matter 


• Perturbative physics in the bulk, 
nonperturbative excitations  
at the Fermi surface 

• Large Nc limit, 
dimensional reduction at the 
Fermi surface


• Effective theory: QCD(1+1D): 
favored ground state for low T 
 is a crystal!   (“chiral spirals”) 

McLerran, Pisarski, Kojo, Hidaka… 



How to tackle QCD at 
finite density?



(some) Theoretical methods for  
 QCD at finite density

• Functional methods:


• Effective quark (and quark-hadron) models 


• Effective field theories

Dyson-Schwinger equations


Functional renormalization group 

Chiral perturbation theory 

NJL, Quark-meson ..



(some) Theoretical methods for  
 QCD at finite density

• Functional methods:


• Effective quark (and quark-hadron) models 


• Effective field theories
Chiral perturbation theory 

NJL, Quark-meson ..

Dyson-Schwinger equations


Functional renormalization group 



Advantages  
of effective models

• Built around symmetries of the full theory 


• Relatively easy computations 


• (Typically) Few parameters  
(typically) fitted to experimental data in vacuum


• Qualitatively reasonable results



Nambu—Jona-Lasinio (NJL) 
model

Complicated quark-gluon interaction replaced by effective 
four-fermion vertex with fixed coupling constant G 

LNJL =  ̄i�µ@µ �m ̄ +G[( ̄ )2 + ( ̄i�5⌧a )2]

Simplest version: 2 flavor, scalar-pseudoscalar interaction 



Mean-field approximation
• Typical assumption: mean-field approximation 


• A constant mean-field chiral condensate acts                          
as constituent quark mass:

( ̄ ) ⇡ h ̄ i

Mq = m� 2Gh ̄ i

• Neglecting fluctuations, it is possible to obtain the free energy 
of the system as a trace over the inverse quark propagator:

⌦ ⇠ T

V
Tr log

✓
S�1(Mq)

T

◆



Chiral condensate
• Optimization problem: minimize the free energy wrt.  

to find the ground state of the system


• In vacuum:

Mq

�

�
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• Chiral symmetry is spontaneously broken: 
quark-antiquark chiral condensate forms 

⌦

Mq



Chiral condensate
• Optimization problem: minimize the free energy wrt.  

to find the ground state of the system


• In vacuum:

Mq

�

�

��

�

• Chiral symmetry is spontaneously broken: 
quark-antiquark chiral condensate forms 

⌦

Mq

• As density increases, higher energy cost  
to form particle-antiparticle pairs -> chiral restoration



NJL phase diagram
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Crystalline phases
• What happens if we relax the approximation of  

spatially constant condensates? 
           -> Inhomogeneous phases 


• Not a new idea: density waves in nuclear matter (1960s), 
   p-wave pion condensation (1970s) … 
More recently: quarkyonic chiral spirals, hints from 1+1D 
models (Gross-Neveu, NJL_2 .. )


• For QCD at finite density?



Inhomogeneous color-
superconductivity

• In presence of isospin imbalance, Fermi surfaces for u,d 
quarks are unequal 

• Favored to create Cooper pairs 
with nonzero total momentum


• Crystalline diquark condensate!  
�

���� �

��



Inhomogeneous chiral 
condensates

Instead of the standard particle-antiparticle condensate… 

�

�

��

�



Inhomogeneous chiral 
condensates

     …particle-hole pairing at the Fermi surface (“density waves”)

�

�

��

�

�

�

�

��

�

�
�

��

• Can occur at finite density: could be relevant at 
intermediate densities, close to the chiral phase transition 
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NJL phase diagram 
• Allowing for inhomogeneous phases, we go 

                             …to this 
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• If the chiral condensate is spatially modulated, the density 
of the system becomes inhomogeneous as well 


• For the real kink crystal


Condensate and density
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SC, D,Nickel and M.Buballa, Phys.Rev. D82 (2010) 054009 
M.Buballa and SC, Phys.Rev. D87 (2013) no.5, 054004 



Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Model extensions and 
inhomogeneous phases

• Polyakov loop (PNJL)


• Magnetic fields


• Vector interactions


• Finite current masses 


• Strange quarks 


• ….

SC, D,Nickel and M.Buballa, Phys.Rev. D82 (2010) 054009 

SC, E.Ferrer, V.Incera and L.Paulucci,  
                 Phys.Rev. D92 (2015) no.10, 105018

M. Buballa and SC, arXiv:1809.10066

SC, M. Schramm and M.Buballa, Phys.Rev. D98 (2018) 014033 

SC and M.Buballa,  WIP



One might wonder…
• Could inhomogeneous phases be a NJL model feature - artifact ?! 



One might wonder…
• Could inhomogeneous phases be a NJL model feature - artifact ?!

Unlikely, they also appear in Quark-meson model and DSE studies! 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One might wonder…
• Could inhomogeneous phases be a NJL model feature - artifact ?!

Unlikely, they also appear in Quark-meson model and DSE studies! 

• So far: mean-field results. Fluctuations might play an important 
role, especially for lower-dimensional modulations!! 
 
          -> Work in progress! 




One might wonder…
• Could inhomogeneous phases be a NJL model feature - artifact ?!

Unlikely, they also appear in Quark-meson model and DSE studies! 

• So far: mean-field results. Fluctuations might play an important 
role, especially for lower-dimensional modulations!! 
 
          -> Work in progress! 


• Phenomenological relevance ? 
 
         -> For compact stars:  
 
         -> For heavy-ion collisions: 


SC, E.Ferrer, V.Incera and L.Paulucci, Phys.Rev. D92 (2015)
M.Buballa and SC, Eur.Phys.J. A52 (2016)  

SC, D.Nickel and M.Buballa, Phys.Rev. D82 (2010) 
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Take-home message #1

crystalline ?

Lifshitz



Matter at finite  
isospin density



Invitation: Charge neutrality
• Required for a realistic description of compact stars 


• u,d quarks have different charges -> isospin imbalance 


• New axis on the  
phase diagram 
 
 
                or 
nu � nd µI

• New axis on the  
phase diagram: µI

• Simultaneous description 
of baryon+isospin density 
can be tricky!



Try something simpler: 
µB = 0 , µI 6= 0



Phase structure at  
       µB = 0 , µI 6= 0

µB = 0 , µI 6= 0
vacuum 

(T = 0)
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Qualitative picture:
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Qualitative picture:

*not to scale 



Phase structure at  
       µB = 0 , µI 6= 0

µB = 0 , µI 6= 0
vacuum 

(T = 0)

0

h⇡+i hd̄�5ui

Qualitative picture:

BEC-BCS crossover



Phase structure at  
       µB = 0 , µI 6= 0

µB = 0 , µI 6= 0
vacuum 

(T = 0)

0

h⇡+i hd̄�5ui

Qualitative picture:

Quantitatively?



Meson chiral perturbation 
theory - SU(2) 

L =
F 2
0

4
Tr[DµU(DµU)†] +

F 2
0m

2
⇡

4
Tr(U† + U)

Degrees of freedom:  meson fields 

SU(2) : � =

✓
⇡0/

p
2 ⇡+

⇡� �⇡0/
p
2

◆
� = ⌧a�

a
U = ei

�
2F0 ⌃ ei

�
2F0

Two free parameters: F0,m⇡



External fields
Introduced through the covariant derivative 

DµU = @µU � i

2
[vµ, U ] +

i

2
{aµ, U}

Chemical potentials too! 

vµ = �2eQAµ � 2µ�µ0

µ = diag

✓
1

3
µB +

1

2
µI ,

1

3
µB � 1

2
µI ,

1

3
µB � µS

◆



Limits of validity
Low-energy effective theory: 

• Small momenta 
• No baryons  
• Lightest mesons only

µB . 940MeV

µI . 770MeV ⇡ 5m⇡



Ground state - SU(2) 
⌃ = ei↵·� = cos↵+ i(n · �) sin↵

Ground state: maximize the static part of the Lagrangian 
( “potential energy” ) 

Lstat = F 2
0m

2
⇡ cos↵+

1

2
F 2
0 µ

2
I sin

2 ↵(n2
1 + n2

2)

Ansatz:

n = (cos ✓, sin ✓, 0)



Pion condensation

When      reaches  
             pion condensate forms! 

µI
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(and the 
 chiral condensate melts)

Son & Stephanov (2000), Kogut & Toublan (2001)



Energy density

W. Detmold et al, Phys.Rev. D86 (2012)  
T. Graf et al, Phys.Rev. D93 (2016) 



XPT Equation of state -       
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Comparison with lattice ?



Energy density

W. Detmold et al, Phys.Rev. D86 (2012)  
T. Graf et al, Phys.Rev. D93 (2016) 



Energy density

�PT O(p2)

SC, A. Mammarella and M. Mannarelli, Phys. Rev. D 93 (2016)

Lowest order XPT already gives surprisingly good agreement! 



Peak 
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Peak position 

Continuum-extrapolated lattice result: 

Parameter-independent! 
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In principle: 2+10  
free parameters

(“low-energy constants”)



NLO ground state
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In practice: 

Parameters only enter in given combinations!

✏ = 10�3



Energy density

�PT O(p2)



Energy density

�PT O(p2)
�PT O(p4)

( Effectively a (2+1)-parameter fit -> can use lattice to fix LEC! )
SC. L.Lepori, A.Mammarella, M.Mannarelli and G.Pagliaroli, Eur.Phys.J. A53 (2017) 



Take-home message #2
• Mesonic chiral perturbation theory is a powerful tool  

for describing strong interaction matter  
at finite isospin densities 


• Peculiar shape of energy density curve very well 
reproduced by chiral perturbation theory 


• Overlap of different methods - possibility to benchmark 
them against each other!  


• Using LQCD to fix low-energy constants 



Chiral plasmas 



Chiral plasma
• System of massless fermions at finite temperature/density


• Could be relevant for

• Heavy-ion collisions


• Weyl-Dirac semimetals


• Astrophysical scenarios 

• Lots of new physics! Especially when chiral imbalanced 
            (chiral magnetic effect, plasma instabilities…) 



Theoretical framework

• Keep things simple: QED  


• Introduce temperature/density: multi-scale problem (g, T..)


• Do perturbative computations behave well 
 in thermal field theory? 



Invitation: hard thermal loops
Separation of scales a fundamental concept in thermal FT 
 
For a system at high temperature:



Invitation: hard thermal loops
Separation of scales a fundamental concept in thermal FT 
 
For a system at high temperature:

Now consider eg. photon self-energy

Leading contribution comes from  
hard loop momenta Q ~ T



Invitation: hard thermal loops
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vs 

For a soft photon momentum… 
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For a soft photon momentum… 



Invitation: hard thermal loops

Resummation is required !

⇠ g2T 2
<latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit>

⇠ g2T 2
<latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit><latexit sha1_base64="ycBEClTaNZgW1YAJvNCYAzIiBeo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEz0SvXjEhAUSWEm3dKGh7a5tl4Rs+B1ePGiMV3+MN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77QlVmsWyaaYJDQQeShYxgo2Vgp5mAg0fa6hpq1+uuFV3AbROvJxUIEejX/7qDWKSCioN4VjrrucmJsiwMoxwOiv1Uk0TTMZ4SLuWSiyoDrLF0TN0YZUBimJlSxq0UH9PZFhoPRWh7RTYjPSqNxf/87qpiW6CjMkkNVSS5aIo5cjEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8FZfXietWtVzq97DVaV+m8dRhDM4h0vw4BrqcA8N8IHAEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5g+Q3A==</latexit>

vs 

For a soft photon momentum… 



Hard thermal loops

• HTL resummation:  
include (hard) correction into (soft) propagators 

m2
D ⇠ g2T 2
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Debye (“thermal”) mass 

• Can we go beyond this?  ->  Power corrections 



Deriving HTL corrections



QED computation
One arrives at 

⇧µ⌫
R (L) = e2

Z
d3q

(2⇡)3
1� 2nF (q)

q

 
2qvµv⌫ � (vµL⌫ + v⌫Lµ) + gµ⌫ , v · L

v · L� L2

2q + i sgn(q � l0)⌘

� 2qṽµṽ⌫ � (ṽµL⌫ + ṽ⌫Lµ) + gµ⌫ ṽ · L
ṽ · L+ L2

2q + i sgn(q + l0)⌘

!

occupation number  
encoding            dependence(T, µ)

HTL computation

Leading contribution from hard (q ~ T) on-shell particles



QED computation

now expand for large q the integrand..

⇧µ⌫
R (L) = e2

Z
d3q

(2⇡)3
1� 2nF (q)

q

 
2qvµv⌫ � (vµL⌫ + v⌫Lµ) + gµ⌫ , v · L

v · L� L2

2q + i sgn(q � l0)⌘

� 2qṽµṽ⌫ � (ṽµL⌫ + ṽ⌫Lµ) + gµ⌫ ṽ · L
ṽ · L+ L2

2q + i sgn(q + l0)⌘

!

One arrives at 

HTL computation



QED photon self-energy

same as OSEFT computation! 

One finds 
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SC, Manuel & Soto, PLB780 (2018)  



Missing stuff

Is it the full story?

No! two-loop diagrams 
equally important 

….so not the full story  
              (but still one necessary piece! )

Mirza & Carrington, PRD 87 

We computed one power correction           of the HTL result⇠ e2



All in all a nasty computation… 


   … can we figure out a way to make our lives easier ?  



OSEFT

For many quantities in thermal field theory  
the relevant degrees of freedom are  
on-shell (quasi)particles

The hint:



                                 The idea: 
 
An EFT to describe physical phenomena dominated 
 by (almost) on-shell degrees of freedom


For massless fermions:

OSEFT

Particles:

Antiparticles: qµ = �pṽµ + kµ

qµ = pvµ + kµ
vµ = (1,~v)

ṽµ = (1,�~v)
v2 = ṽ2 = 0

k << p

Manuel & Torres-Rincon,  PRD90 (2014)

Q2 ⇡ 0 -> On-shell effective field theory 
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v2 = ṽ2 = 0

Manuel & Torres-Rincon,  PRD90 (2014)

Q2 ⇡ 0

                                 The idea: 
 
An EFT to describe physical phenomena dominated 
 by (almost) on-shell degrees of freedom


For massless fermions:



OSEFT

Particles:

Antiparticles: qµ = �pṽµ + kµ

qµ = pvµ + kµ
vµ = (1,~v)

ṽµ = (1,�~v)

k << p

v2 = ṽ2 = 0
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Q2 ⇡ 0

                                 The idea: 
 
An EFT to describe physical phenomena dominated 
 by (almost) on-shell degrees of freedom


For massless fermions:



OSEFT Lagrangian

1) Split fermion field 

 v = e
�ipv·x

⇣
Pv�v(x) + PṽH

(1)
ṽ (x)

⌘
+ e

ipṽ·x
⇣
Pṽ⇠ṽ(x) + PvH

(2)
v (x)

⌘

Pv =
1

2
� · v �0 ,

Pṽ =
1

2
� · ṽ �0

(almost) on-shell particle

(almost) on-shell antiparticle



OSEFT Lagrangian

1) Split fermion field 

 v = e
�ipv·x

⇣
Pv�v(x) + PṽH

(1)
ṽ (x)

⌘
+ e

ipṽ·x
⇣
Pṽ⇠ṽ(x) + PvH

(2)
v (x)

⌘

2) Integrate out the H fields



OSEFT and other EFT 

Compare with High-density effective field theory (HDET)..

Lp,v = �†
v(x)

✓
i v ·D + iD/?

1

2p+ iṽ ·D iD/?

◆
�v(x)

+⇠†ṽ(x)

✓
i ṽ ·D + iD/?

1

�2p+ iv ·D iD/?

◆
⇠ṽ(x)

LHDET =  †(x)

✓
i v ·D + iD/?

1

2µ+ iṽ ·D iD/?

◆
 (x)

..or heavy-quark effective field theory (HQET)..
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OSEFT and other EFT 

Compare with High-density effective field theory (HDET)..
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Order by order..
In practice: expand our Lagrangian in powers of 1/p …

Lp,v = �†
v(x)

✓
i v ·D + iD/?

1

2p+ iṽ ·D iD/?

◆
�v(x)

=
X

n

L(n)
p,v



Order by order..

L(0)
p,v = �†

v (i v ·D )�v

In practice: expand our Lagrangian in powers of 1/p …



Order by order..

L(0)
p,v = �†

v (i v ·D )�v

L(1)
p,v � 1

2p
�†
v

⇣
D2

? � e

2
�µ⌫
? Fµ⌫

⌘
�v

In practice: expand our Lagrangian in powers of 1/p …



Order by order..

*ugliness intensifies..* 

L(0)
p,v = �†

v (i v ·D )�v

L(1)
p,v � 1

2p
�†
v

⇣
D2

? � e

2
�µ⌫
? Fµ⌫

⌘
�v

L(2)
p,v =

1

8p2
�0†
v

⇣
[D/? , [iṽ ·D , D/?]]�

�
(D/?)

2, (iv ·D � iṽ ·D)
 ⌘

�0
v ,

In practice: expand our Lagrangian in powers of 1/p …



Propagators and vertices 

Additional vertex from O(1/p):

SR/A(k) =
Pv�0

k0 ± i✏� f(k)
,

SS(k) = Pv�0 (�2⇡i�(k0 � f(k)) (1� 2nf (p+ k0))) .

f (2)(k) = kk +
k2
?
2p

�
kkk

2
?

2p2
dispersion relation (order (2)): 

Real-time (Keldysh) propagators in OSEFT:



Applications

• Derivation of power corrections to Hard Thermal Loops 
 
                              ->  C. Manuel, J. Soto and S. Stetina,  Phys.Rev. D94 (2016)   

• Kinetic theory! 
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• Kinetic theory 



Chiral kinetic theory

• Chiral anomaly has macroscopic effects on transport   
(chiral magnetic effect, chiral vortical effect… )

• Kinetic theory for massless fermions 
describing evolution of quasi-particle distribution functions 

• What is the correct kinetic equation  
to describe these effects ?



Chiral kinetic theory and 
OSEFT

Transport equations describe 
 propagation of  
   on-shell quasiparticles 


OSEFT works with on-shell  
degrees of freedom




Chiral kinetic theory and 
OSEFT

OSEFT provides a  
systematic way to include 
quantum corrections!

Anomaly is a quantum effect:  
can be formulated in terms  
   of Berry curvature/phase… 
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Chiral kinetic theory and 
OSEFT

OSEFT provides a  
systematic way to include 
quantum corrections!

Anomaly is a quantum effect:  
can be formulated in terms  
   of Berry curvature/phase… 


Transport equations describe 
 propagation of  
   on-shell quasiparticles 


OSEFT works with on-shell  
degrees of freedom


OSEFT seems to be the perfect tool to derive the 
equations of chiral kinetic theory!




The recipe

• Perform a Wigner transform, add link operators  
to make results gauge-invariant 

• Build order-by-order equations of motions for the 
 two-point function starting from the OSEFT Lagrangian 
formulated in a general covariant frame 

• Make sure you’ve had enough coffee because equations 
are lengthy and it’s easy to miss factors of 2

• Go back from the EFT variables to full momenta 



Chiral kinetic theory

✓
vqµ � e

2E2
q

Sµ⌫
� F⌫⇢

�
2u⇢ � v⇢q

�◆
�µf(X, q)�+(Q) = 0

�µ ⌘ @µ
X � eFµ⌫(X)@q,⌫

Covariant form of the transport equation

vqµ =
qµ

Eq
Eq = q · uwith 



CKT and beyond

Derive kinetic equations for a chiral plasma


Check Lorentz invariance (= reparametrization invariance) 
 of the results

Derive the current and the anomalous current 

Recover the chiral anomaly equation 


With OSEFT one can


…..




Chiral plasma instabilities

• A chirally imbalanced plasma could develop instabilities 
leading to the reduction of the chiral charge ~  n5

• It has been argued that this could result in generation  
of axial magnetic fields in the early universe and  
in proto-neutron stars

• Can we see this instability by inspecting the lifetime of a 
fermion in such a system?



Fermion damping
Fermion propagating through a hot/dense plasma 
 
       For simplicity: consider QED


Interactions with the medium: decay (damping)

(only at finite temperature)



Fermion damping



Fermion damping

��(E) = � 1

2E
Tr

h
P� P/ Im⌃(p0 + i⌘,p)

i���
p0=E
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Fermion damping

��(E) = � 1

2E
Tr

h
P� P/ Im⌃(p0 + i⌘,p)
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p0=E
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Chirality projector
Particle projector



Fermion damping
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Leading contribution from soft photon momenta: 
 need HTL resummed propagator!  



Photon self-energy with  
chiral imbalance

Fermion loop with asymmetric contributions from different 
chiralities generates parity-violating contribution 
 to the self-energy 
 
   -> Different propagation of transverse modes!

µR = µV + µ5 6= µL = µV � µ5
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Photon self-energy with 
chiral imbalance
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circular polarized modesh = ±
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anomalous HDL



Fermion damping in chiral 
imbalanced system
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Fermion damping in chiral 
imbalanced system
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After some massaging and expanding…

SC and C.Manuel, arXiv:1811.06394



Fermion damping in chiral 
imbalanced system
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Leading chemical potential dependence (                            )µ� = µV + �µ5
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SC and C.Manuel, arXiv:1811.06394
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At Fermi surface damping is zero! 

SC and C.Manuel, arXiv:1811.06394
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Fermions couple differently with transverse photons  
depending on their chirality



Fermion damping
Close to the Fermi surface chirality-dependent effects 
turn out to be subleading

Same behavior as symmetric case

Away from the Fermi surface: full numerical result

��(E) =
e2

24⇡
(E � µ�) + . . .

<latexit sha1_base64="h7WKyjJMiX8cxSbkU0XAatLSuAA="></latexit><latexit sha1_base64="h7WKyjJMiX8cxSbkU0XAatLSuAA="></latexit><latexit sha1_base64="h7WKyjJMiX8cxSbkU0XAatLSuAA="></latexit><latexit sha1_base64="h7WKyjJMiX8cxSbkU0XAatLSuAA="></latexit>

SC and C.Manuel, coming soon 

SC and C.Manuel, arXiv:1811.06394



Fermion damping

0 1 2 3 4 5
0 .00

0 .01

0 .02

0 .03

0 .04

E/µV
<latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit>

�

e2mD
<latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit>

µ5 =
1

4
µV

<latexit sha1_base64="p9BR5OF7hn9B4XTKwDPGz6UxTh8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIRTdC0Y3LCvYBTQiT6aQdOjMJMxOhhLjxV9y4UMStf+HOv3HSZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbJR3dza3tm19/Y7Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybjm8LvPhCpaCzu9SQhPkdDQSOKkTZSYB96PA3O4RX0Iolw5uZZIy+kTmDXnLozBVwkbklqoEQrsL+8QYxTToTGDCnVd51E+xmSmmJG8qqXKpIgPEZD0jdUIE6Un00/yOGJUQYwiqUpoeFU/T2RIa7UhIemkyM9UvNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCJkotAmtakJw519eJJ2zuuvU3btGrXldxlEBR+AYnAIXXIAmuAUt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8AVM9lio=</latexit><latexit sha1_base64="p9BR5OF7hn9B4XTKwDPGz6UxTh8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIRTdC0Y3LCvYBTQiT6aQdOjMJMxOhhLjxV9y4UMStf+HOv3HSZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbJR3dza3tm19/Y7Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybjm8LvPhCpaCzu9SQhPkdDQSOKkTZSYB96PA3O4RX0Iolw5uZZIy+kTmDXnLozBVwkbklqoEQrsL+8QYxTToTGDCnVd51E+xmSmmJG8qqXKpIgPEZD0jdUIE6Un00/yOGJUQYwiqUpoeFU/T2RIa7UhIemkyM9UvNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCJkotAmtakJw519eJJ2zuuvU3btGrXldxlEBR+AYnAIXXIAmuAUt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8AVM9lio=</latexit><latexit sha1_base64="p9BR5OF7hn9B4XTKwDPGz6UxTh8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIRTdC0Y3LCvYBTQiT6aQdOjMJMxOhhLjxV9y4UMStf+HOv3HSZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbJR3dza3tm19/Y7Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybjm8LvPhCpaCzu9SQhPkdDQSOKkTZSYB96PA3O4RX0Iolw5uZZIy+kTmDXnLozBVwkbklqoEQrsL+8QYxTToTGDCnVd51E+xmSmmJG8qqXKpIgPEZD0jdUIE6Un00/yOGJUQYwiqUpoeFU/T2RIa7UhIemkyM9UvNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCJkotAmtakJw519eJJ2zuuvU3btGrXldxlEBR+AYnAIXXIAmuAUt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8AVM9lio=</latexit><latexit sha1_base64="p9BR5OF7hn9B4XTKwDPGz6UxTh8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIRTdC0Y3LCvYBTQiT6aQdOjMJMxOhhLjxV9y4UMStf+HOv3HSZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbJR3dza3tm19/Y7Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybjm8LvPhCpaCzu9SQhPkdDQSOKkTZSYB96PA3O4RX0Iolw5uZZIy+kTmDXnLozBVwkbklqoEQrsL+8QYxTToTGDCnVd51E+xmSmmJG8qqXKpIgPEZD0jdUIE6Un00/yOGJUQYwiqUpoeFU/T2RIa7UhIemkyM9UvNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCJkotAmtakJw519eJJ2zuuvU3btGrXldxlEBR+AYnAIXXIAmuAUt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8AVM9lio=</latexit>

SC and C.Manuel, coming soon SC and C.Manuel, arXiv:1811.06394



Fermion damping
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e2mD
<latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit><latexit sha1_base64="aoOON4o+XpJJpiLuPeJ/dZRwqVc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBD0W9eCxgv2ANobJdtMu3U3C7kYoMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Orid9+oFKxOLrT44R6AgYRCxkBbSTfPuyFEkjWG4AQkGf0voaFf537dsWpOlPgReIWpIIKNHz7q9ePSSpopAkHpbquk2gvA6kZ4TQv91JFEyAjGNCuoREIqrxsen+OT4zSx2EsTUUaT9XfExkIpcYiMJ0C9FDNexPxP6+b6vDCy1iUpJpGZLYoTDnWMZ6EgftMUqL52BAgkplbMRmCCUSbyMomBHf+5UXSqlVdp+renlXql0UcJXSEjtEpctE5qqMb1EBNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/RbZXz</latexit>

E/µV
<latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit><latexit sha1_base64="C6kvL1ZrQcGlMvh0i7TTWqVrDyQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xV0R9BgUwWME84BkCbOT3mTIzOwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb2V1bX1js7BV3N7Z3dsvHRw2TJJphnWWiES3ImpQcIV1y63AVqqRykhgMxreTv3mE2rDE/VoRymGkvYVjzmj1knNu/OOzLqNbqnsV/wZyDIJclKGHLVu6avTS1gmUVkmqDHtwE9tOKbaciZwUuxkBlPKhrSPbUcVlWjC8ezcCTl1So/EiXalLJmpvyfGVBozkpHrlNQOzKI3Ff/z2pmNr8MxV2lmUbH5ojgTxCZk+jvpcY3MipEjlGnubiVsQDVl1iVUdCEEiy8vk8ZFJfArwcNluXqTx1GAYziBMwjgCqpwDzWoA4MhPMMrvHmp9+K9ex/z1hUvnzmCP/A+fwC4sI8n</latexit>

µ5 =
3

4
µV

<latexit sha1_base64="lquXrRmj+2RfiewHylc1xmTnVwg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEK7oRim5cVrAPaEKZTCft0JlJmJkIJcSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80CkopG415OY+BwNBQ0pRtpIffvA40n/HF5BL5QIp2dZWs9yqd23q07NmQIuErcgVVCg2be/vEGEE06Exgwp1XOdWPspkppiRrKKlygSIzxGQ9IzVCBOlJ9OP8jgsVEGMIykKaHhVP09kSKu1IQHppMjPVLzXi7+5/USHV76KRVxoonAs0VhwqCOYB4HHFBJsGYTQxCW1NwK8QiZKLQJrWJCcOdfXiTt05rr1Ny7erVxXcRRBofgCJwAF1yABrgFTdACGDyCZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBWV5Ys</latexit><latexit sha1_base64="lquXrRmj+2RfiewHylc1xmTnVwg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEK7oRim5cVrAPaEKZTCft0JlJmJkIJcSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80CkopG415OY+BwNBQ0pRtpIffvA40n/HF5BL5QIp2dZWs9yqd23q07NmQIuErcgVVCg2be/vEGEE06Exgwp1XOdWPspkppiRrKKlygSIzxGQ9IzVCBOlJ9OP8jgsVEGMIykKaHhVP09kSKu1IQHppMjPVLzXi7+5/USHV76KRVxoonAs0VhwqCOYB4HHFBJsGYTQxCW1NwK8QiZKLQJrWJCcOdfXiTt05rr1Ny7erVxXcRRBofgCJwAF1yABrgFTdACGDyCZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBWV5Ys</latexit><latexit sha1_base64="lquXrRmj+2RfiewHylc1xmTnVwg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEK7oRim5cVrAPaEKZTCft0JlJmJkIJcSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80CkopG415OY+BwNBQ0pRtpIffvA40n/HF5BL5QIp2dZWs9yqd23q07NmQIuErcgVVCg2be/vEGEE06Exgwp1XOdWPspkppiRrKKlygSIzxGQ9IzVCBOlJ9OP8jgsVEGMIykKaHhVP09kSKu1IQHppMjPVLzXi7+5/USHV76KRVxoonAs0VhwqCOYB4HHFBJsGYTQxCW1NwK8QiZKLQJrWJCcOdfXiTt05rr1Ny7erVxXcRRBofgCJwAF1yABrgFTdACGDyCZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBWV5Ys</latexit><latexit sha1_base64="lquXrRmj+2RfiewHylc1xmTnVwg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEK7oRim5cVrAPaEKZTCft0JlJmJkIJcSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80CkopG415OY+BwNBQ0pRtpIffvA40n/HF5BL5QIp2dZWs9yqd23q07NmQIuErcgVVCg2be/vEGEE06Exgwp1XOdWPspkppiRrKKlygSIzxGQ9IzVCBOlJ9OP8jgsVEGMIykKaHhVP09kSKu1IQHppMjPVLzXi7+5/USHV76KRVxoonAs0VhwqCOYB4HHFBJsGYTQxCW1NwK8QiZKLQJrWJCcOdfXiTt05rr1Ny7erVxXcRRBofgCJwAF1yABrgFTdACGDyCZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBWV5Ys</latexit>

SC and C.Manuel, coming soon SC and C.Manuel, arXiv:1811.06394



Take-home message #3

• Chiral plasmas provide a nice playground for new 
physical effects with several real-world applications

• Still a lot of work to be done: maybe some (more or less 
accepted) ideas need rethinking

• OSEFT is a nice tool to simplify our lives (or at least give 
us some guidance) in thermal field theory computations





Inhomogeneous chiral 
condensates in NJL

h ̄ i = S(x) h ̄i�5⌧a i = Pa(x)

• Allow for a spatially modulated chiral condensate 


    (we can also build 

• Diagonalize the mean-field quark Hamiltonian  
in momentum space


M(x) = �2G(S(x) + iP3(x))



Inhomogeneous chiral 
condensates in NJL

• Then, minimize the thermodynamic potential 


 with respect to the mass function M(x) 




Inhomogeneous chiral 
condensates in NJL

• Then, minimize the thermodynamic potential 


 with respect to the mass function M(x) 

• Not so easy for an arbitrary M(x) ! 


• To make the problem tractable, assume specific ansatz for 
the functional form of M, minimize thermodynamic potential, 
compare free energies for different modulations… 




Ginzburg-Landau analysis
• Tackling arbitrary modulations is numerically intensive


• Can we avoid having to diagonalize the quark hamiltonian? 




Ginzburg-Landau analysis
• Tackling arbitrary modulations is numerically intensive


• Can we avoid having to diagonalize the quark hamiltonian? 


• Ginzburg-Landau expansion of the free energy:


• Systematic expansion in terms of order parameter 
and its gradients


• For inhomogeneous phases, expected to be valid where 
both amplitudes and gradients are small 
       




Ginzburg-Landau analysis

H.Abuki, D.Ishibashi, K.Suzuki, Phys.Rev.D85 (2012)
D.Nickel, Phys.Rev.Lett.103 (2009)



Ginzburg-Landau analysis

Restored + 



Ginzburg-Landau analysis

Restored + “homogeneous” + 



Ginzburg-Landau analysis

Restored + “homogeneous” + gradient terms

• In principle straightforward: for each order add all possible 
independent terms (considering gradients are of the same 
order as M)



Ginzburg-Landau analysis

• GL coefficients    
are independent from the shape of the modulation 

↵n(T, µ)

-> can be computed relatively easily  
    in a chirally restored background! 



Ginzburg-Landau analysis

• GL coefficients    
are independent from the shape of the modulation 

↵n(T, µ)

-> can be computed relatively easily  
    in a chirally restored background! 

• But: calculating the relative prefactors between terms of 
the same order is an extremely tedious task.. 
There are tricks, however. SC, M. Mannarelli, F. Anzuini, O.Benhar, Phys.Rev.D97 (2018)


