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Dimensions of quantum 
technology



The power of quantum
Classical computer

• Binary information

• Registers with well-defined  
binary value

• Commands on registers one-by-one

• Parallel operations = parallelized  hardware

Quantum computer

• Binary information

• Superpositions of registers 
 

•  
Operations on complete state space

• intrinsic parallelism



Harnessing quantum

Probability amplitudes

Unitary operations in parallel
Binary input Binary output

Challenge: 

• Undo parallelism before  
readout

• Make operations unitary

Operational: 

• intermediate states are  
analog

• prevent output errors

There are few known
solutions to this

But those are 
important



Applications
• Theoretical chemistry and materials science


• Combinatorical optimization 


• Machine learning


• Graph theory


• Signal processing


• Cryptanalysis

Fundamentel algorithms with borad application portfolio



Overview

• Three paths to quantum computing

• NISQ: Using your noisy hardware

• A European flagship project

• Extrapolation: What it takes to be fault-tolerant

• Quantum annealing

• Have we found the best way to program a quantum computer yet?



Three paths to 
quantum computing

Universal fault-tolerant 
quantum computer:

• massive overhead from  
error correction

• long-term goal

• powerful tool

• potentially large time  
savings

Quantum annealer / 
adiabatic quantum  
computer

• accessible technology

• quantum speedup?

• need more powerful  
versions (non stoquastic /  
manybody coupler)

Non error-corrected  
co-designed processor

• 50 qubits reached

• outperform supercomputer  
(in simulating quantum  
computers)

• gate number limited by  
physical errors

• potential memory savings

NISQ



 Noisy Intermediate-scale quantum 
computer (NSQ)

Clive Sinclair

Simple, primitive, error-prone hardware: Coding needs to follow architecture



Photo: Eric Lucero, Google

Quantum chip

• 9 Qubits

• NN coupling 

• separate control 
and readout

• Unpublished:  
72 Qubits



Basis of quantum supremacy
• saving a 50 qubit quantum states 

requires 250=1.126E15 complex 
numbers


• need to accomplish a sufficiently 
general task (otherwise it is not a 
computer)


• need to be coherent enough / low 
enough errors (otherwise it is classical)


• needs to be certified without 
simulation

H⊗n |0⟩⊗n =
1

2n/2

2n−1

∑
s=0

cs |s⟩



Technological platform

• Josephson platform


• Adjustable couplers (almost qubits)


• 9 x 6 grid


• One qubit defective


• Integrated measurement 
infastructure



Consistently low errors

• previous best in superconducting 
qubits: 0.6%


• achievement: even the bad qubits 
are in that range


• very disciplined engineering



Algorithm

• Random compiled circuit


• simulates a distribution from 
quantum chaos


• sampling is classically hard


• verified by cross-entropy 
benchmarking



Meaning
• Amazing technology push in 

qubit number and fidelity


• fully programmable


• Wright Brothers flight / Sputnik 
moment 13 seconds



Impact
• Gold standard for the community


• Software will try to get away with 
minimal upgrades


• hardware development will be 
influenced


• Strong emphasis on calibration and 
XEB
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From useless academic 
to useful applied 

supremacy



Quantum computing and simulation

• wave function of N two-state quantum 
system occupies 2N real numbers

makes simulating quantum physics hard

accelerates computational problems if 
harnessed

“Nature isn't classical, dammit, and if you want to make a simulation of nature, you'd better make it quantum mechanical, and by golly it's a wonderful 
problem, because it doesn't look so easy.”
Richard P. Feynman, „Simulating physics with computers“, 1981



Electronic structure 
calculation

• problem setting: Given position of nuclei in 
a molecule, find ground state energy

• gives bond lengths, energetics etc. 

• important as a catalyst in biological 
nitrogen fixation

• understanding could hold the key to 
replace Haber-Bosch: CO2 reduction Ferredoxin: Fe2S2-cluster: 

16 valence electrons, 84 total



Problem setting

Chapter 2. QC 10

particle m. It is convention to denote nuclear indices with capital letters and indices

associated with electrons with lower case letters.

It is common practice to express the Hamiltonian in atomic units that transform (2.1)

into a dimensionless equation where the eigenvalues of (2.2) are now multiples of

1 Hartree ⌘ Ea = 4.359 744 34(19)⇥ 10�18J

As the mass of the nuclei MJ is about three orders of magnitude larger than the electron

mass me, the nuclei are much more inert and can be viewed as stationary with respect

to the motion of the electrons. Since the Hamiltonian, containing both nuclear and elec-

tronic degrees of freedom, can only be solved for the most simple of all molecules, namely

H2, quantum chemists employ the Born-Oppenheimer-Approximation2 that treats the

nuclei as rigid points generating an electric potential in which the electrons move about.

The resulting Hamiltonian is known as the Electronic Structure Hamiltonian (ESH) and

assumes the form [13]

ĤESH = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc. (2.3)

with ĥnuc containing the kinetic energy of the nuclei as well as the nuclei-nuclei repul-

sion3. As ĥnuc is constant, it doesn’t a↵ect the eigenfunctions of (2.3) and only adds a

constant to the eigenvalues of ĤESH . The solutions to the Schrödinger equation

ĤESH | eli = E | eli (2.4)

will be wave functions of the electrons only. Since we will be working solely within

the Born-Oppenheimer-Approximation throughout this work, we are going to omit the

indices “ESH” and “el” and set Ne ⌘ N from now on4.

2For a rigorous discussion of the Born-Oppenheimer-Approximation see e.g. [12].
3Technically, the Born-Oppenheimer-Approximation assumes that the molecular wave function | i

can be written as a product | i = | eli ⌦ | nuci of electronic and nuclear wave functions.
4Once the electronic wave function is known for (2.3) one can treat the electrons in an average way

and solve (2.2) for the nuclear degrees of freedom, which leads to the vibrational and rotational energies
of the molecule.

Hamiltonian: Description of a quantum system based on its energetics, Hermitian matrix 
 
Ground state: Eigenvector to lowest eigenvalue

Hamiltonian of a Molecule: 

Chapter 2. QC 14

representation of quantum mechanics in second quantization we therefore have to trans-

form the operators in (2.3)

Ĥ1st Quantization = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc

in second quantization in such a way that the matrix elements between two arbitrary

states in first quantization are identical to those in second quantization:

h 1|Ĥ1st Quantization| 2i = hk1|Ĥ2nd Quantization|k1i . (2.23)

For (2.23) to be valid, the spatial structure of the molecule must consequently be em-

bodied in the second quantized operators. Since we will only be dealing with the second

quantized version, we will set Ĥ2nd Quantization ⌘ Ĥ from now on. One can show that the

(non-relativistic and spin-free) second-quantized molecular electronic structure Hamil-

tonian (MESH) is given by

Ĥ =
X

PQ

hPQâ
†
P
âQ + 1

2

X

PQRS

gPQRS â
†
P
â†
Q
âRâS + ĥnuc. (2.24)

{P,Q,R, S} runs over all spin-orbitals (occupied and unoccupied). The factor 1
2 is

conventional, ĥnuc is the constant term due to the Born-Oppenheimer approximation

and reads

ĥnuc =
1
2

X

I 6=J

ZIZJ

RIJ

. (2.25)

The spatial structure is contained in the one-electron integrals

hPQ =

Z
�⇤
P (x)

 
�1

2
r2 �

X

I

ZI

rI

!
�Q(x)dx (2.26)

and two-electron integrals

gPQRS =

Z
�⇤
P (x1)�

⇤
R(x2)

1

r12
�Q(x1)�S(x2)dx1dx2 (2.27)

and they must be pre-computed classically. Evaluating these integrals is an immensely

complicated numerical task by itself and it would not answer the purpose of this thesis

to go any further than just stating that solving these integrals can be done on a classical

computer e�ciently[14]. It is important to note that (2.26) and (2.27) are constructed

in such a way that they become identical with their respective first-quantized analogue

obtained from the Slater-Condon rules [15]. The integrals (2.26) and (2.27) possess the

Broken down to orbitals:

Hamiltonian of a quantum computer: 

Ĥ = Ĥ0 +
X

i

Fi(t)Ĥi Ĥ =
X

i

Ĥi(t) +
X

i<j

Ĥij(t)

Drift:
Defines qubit

Control: 
Used for programming Single qubit Interactions: Used 

for two-qubit gates



Implementation of gates
2

|0i H • T • X1/2 //

|0i H • • T • • // Y1/2

|0i H • • T • // •

|0i H • T • • Y1/2 // •

|0i H • T • //

FIG. 1. Example of a random quantum circuit in a 1D array
of qubits. Vertical lines correspond to controlled-phase (CZ)
gates (see Sec. IV).

While we do not provide a formal definition of quan-
tum chaos here, we review several well known charac-
teristics of quantum chaos to argue that sampling the
output distribution of a random quantum circuit is a
hard computational task. In analogy with classical Lya-
punov exponents, a signature of quantum chaos is the
decrease of the overlap | h t| ✏

t
i |2 of the quantum state

| ti with the state | ✏

t
i resulting from a small perturba-

tion ✏ to the Hamiltonian that evolves | ti [4, 5, 8, 9].
The overlap decreases exponentially in the evolution time
t and ✏ because chaotic evolutions give rise to delocaliza-
tion of quantum states [6, 7]. Such states are closely
related to ensembles of random unitary matrices studied
in random matrix theory [6, 32], they possess no sym-
metries, and are spread over Hilbert space. Therefore,
as in the case of classical chaos, obtaining a description
of | ti requires a high fidelity classical simulation. This
challenge is compounded by the exponential growth of
Hilbert space N = 2n with the qubit dimension n.

It follows that unless a classical algorithm uses re-
sources that grow exponentially in n, its output would
be almost statistically uncorrelated with the output dis-
tribution corresponding to general global measurements
of the chaotic quantum state.1 Indeed, it has been
argued that classically solving related sampling prob-
lems requires computational resources with asymptotic
exponential scaling [20–30]. Examples include Boson-
Sampling [24] and approximate simulation of commuting
quantum computations [23, 29].

Random quantum circuits with gates sampled from a
universal gate set are examples of quantum chaotic evo-
lutions that naturally lend themselves to the quantum
computational framework [7, 10–12, 14, 16]. A circuit,
corresponding to a unitary transformation U , is a se-
quence of d clock cycles of one- and two-qubit gates,
with gates applied to di↵erent qubits in the same cy-
cle, see Fig. 1. With realistic superconducting hardware

1
A classical algorithm that uses time and space resources that

grow exponentially in n can reconstruct all measurements of the

chaotic quantum state exactly.

constraints [33, 34], gates act in parallel on distinct sets
of qubits restricted to a 1D or 2D lattice.

In this paper we study the computational task of sam-
pling bit-strings from the distribution defined by the out-
put state | i of a (pseudo-)random quantum circuit U of
size polynomial in n. We will compare the sampling out-
put of U to a generic classical sampling algorithm that
takes a specification of U as input and samples a bit-
string with computational time cost also polynomial in
n. We will show that a bit-string sampled from U is typ-
ically e times more likely than a bit-string sampled by
the classical algorithm. A quantum sample S of m mea-
surement outcomes x 2 {0, 1}n in a local qubit basis has
probability ⇧x2S | hx| i |2. Denote by Spcl a sample of m
bit-strings from the polynomial classical algorithm. We
argued above standard assumptions in chaos theory that
in this case Spcl is expected to be almost uncorrelated
with the distribution defined by | i. We will substantiate
this numerically and theoretically in later sections. The
sample Spcl is assigned a probability ⇧x2Spcl | hx| i |2 by
the distribution defined by | i. As we show in this paper,
the ratio of these probabilities for a su�ciently large cir-
cuit in the typical case is, within logarithmic equivalence,
⇧x2S | hx| i |2/⇧x2Spcl | hx| i |2 ⇠ em (see Eq. (9)). We
will also show that for a typical sample Sexp produced by
an experimental implementation of U this ratio is, within
logarithmic equivalence,

⇧x2Sexp | hx| i |2

⇧x2Spcl | hx| i |2 ⇠ eme
�rg

� 1 , (1)

where the parameter r provides an estimate of the e↵ec-
tive per-gate error rate, and g / nd is the total num-
ber of gates (see Eqs. (14) and (18)). Note the double
exponential structure in Eq. (1) with two large param-
eters m, g � 1. Therefore, the ratio of probabilities in
Eq. (1), an experimentally observable quantity, is enor-
mously sensitive to the e↵ective per-gate error rate r.
The parameter r can serve as an extremely accurate char-
acterization of the degree of correlation of Sexp with the
distribution defined by U , and provides a novel tool for
benchmarking complex multiqubit quantum circuits. We
will argue that r can be estimated theoretically and com-
pared with experiments to define a quantum supremacy
test.

We now give the main outline of the paper. In Sec. II
we obtain Eq. (1) from the cross entropy between the two
distributions and we explain how it can be measured in
an experiment. In Sec. III we explain theoretically and
numerically why the cross entropy is closely related to
the overall circuit fidelity. We also introduce an e↵ective
error model for the overall circuit, and compare it with
numerical simulations of the circuit with digital errors.
In Sec. IV we study numerically the convergence of the
circuit output to the Porter-Thomas distribution, char-
acteristic of quantum chaos. In Sec. V we use complexity
theory to argue that this sampling problem is computa-
tional hard.

Ĥ = Ĥ0 +
X

i

Fi(t)Ĥi Ĥ =
X

i

Ĥi(t) +
X

i<j

Ĥij(t)

Time

Q
ub

its

1Q 2Q
Ûgate = exp(�iĤtg)

Switch energies with
precise timing to 
implement gates



Trotter-based simulation

Break down time evolution by Trotter decomposition

The path ĤHF Y Ĥ is chosen by defining
ĤHF to have all matrix elements equal to zero,
except the first element, namely H1,1, which is
equal to the HF energy. This yields an initial
gap the size of the ground-state mean-field
energy, which is very large relative to typical
electronic excitations. The ASP method was
applied to the H2 molecule at large separations
in the STO-3G basis, for which the squared
overlap of the HF wave function with the
exact ground state is one half. As evidenced
by Fig. 3A, the ASP algorithm prepares states
with a high squared overlap for several
internuclear distances of the H2 molecule.
Figure 3B plots the relevant gap along the
adiabatic path, which is shown for this system
to be well-behaved and nonvanishing.

The accuracy and quantum-gate complex-
ity of the algorithm depend on the specific gate
decomposition of the unitary operators V̂ k ,
defined above. The factorization of unitary
matrices into products of one- and two-qubit
elementary gates is the fundamental problem
of quantum circuit design. We now demon-
strate that the lengths of the gate sequences
involved are bounded from above by a
polynomial function of the number of qubits.

We analyze the gate complexity of our Û
for the direct mapping of the state. The mo-
lecular Hamiltonian is written in second quan-
tized form as

Ĥ 0
X

X

ĥX 0
X

p;q

bpkT̂ þ V̂N kqÀâpþâq j

1

2

X

p;q;r;s

bpkbqkV̂ekrÀksÀâpþâqþârâs
ð3Þ

where kpÀ is a one-particle state, âp is its
fermionic annihilation operator, and T̂, V̂N , and
V̂e are the one-particle kinetic and nuclear-
attraction operators and the two-particle electron-
repulsion operator, respectively. It has been
shown in (2), that for the following approxi-
mation to Û

eiĤHt , k
X

eiĥX
t
M

! "M

ð4Þ

M can always be chosen such that the error is
bounded by some preset threshold. The num-
ber of gates to implement Û then scales
polynomially with the system size for a given
M, under the conditions that the number of
terms ĥx scales polynomially with system
size and that each ĥx acts on a polynomially
scaling number of qubits. In our case, these
conditions are manifestly fulfilled. The
number of terms in the Hamiltonian grows
approximately with the fourth power of the
number of atoms, and each term involves
maximally four basis functions, implying
action on at most five qubits in the direct
mapping (four qubits in S plus a control
qubit in R). A linear-scaling number of two-
qubit operations (similar to qubit swaps) can

account for fermionic antisymmetry in the
action of the unitary operator constructed
from each ĥX (13). M is a multiplicative
factor in the number of gates. Because the
fraction of all pairs of ĥX terms that do not
commute decreases with system size, it is
reasonable to assume that M increases poly-
nomially at worst. The advantage of the
direct mapping is that, at most, controlled
four-qubit unitary operations are required.
The number of one- and two-qubit elemen-
tary gates required to represent an arbitrary
four-qubit gate has been shown to be always
less than 400 (14); the structure of a con-
trolled four-qubit unitary operation will
allow a decomposition into a similar order
of magnitude in the number of gates.

We have found that chemical precision can
be achieved with modest qubit requirements for
the representation of the wave function and for
the readout register. The ASP algorithm has
been shown to systematically improve the
probability of success of the PEA. Although
exponentially difficult on a classical computer,
extension to larger molecules requires only
linear growth in the number of qubits. The di-
rectmapping for themolecular wave function to
the qubit state allows the unitary operator to be
decomposed into a number of gates that scales
polynomially with system size.

The difficulty of performing quantum-
computing simulations is about an order of
magnitude greater than conventional FCI.
Although possible as experiments, such simu-
lations are not a competitive alternative. To
repeat the calculations performed here with a
high-quality basis set (cc-pVTZ) would require
S to consist of 47 or 22 qubits for H2O or LiH,

respectively, using the compact mapping of
the full Hilbert space. For most molecules and
basis set combinations shown in Fig. 1, an
FCI calculation is certainly classically in-
tractable. An FCI calculation for H2O with
cc-pVTZ would be at the edge of what is
presently possible. This demonstrates an
often-stated conjecture, that quantum simula-
tion algorithms with 30 to 100 qubits will be
among the smallest applications of quantum
computing that can exceed the limitations of
classical computing.
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Fe-Mg Interdiffusion in
(Mg,Fe)SiO3 Perovskite and Lower

Mantle Reequilibration
Christian Holzapfel,1*. David C. Rubie,1 Daniel J. Frost,1

Falko Langenhorst2

Fe-Mg interdiffusion coefficients for (Mg,Fe)SiO3 perovskite have been mea-
sured at pressures of 22 to 26 gigapascals and temperatures between 1973 and
2273 kelvin. Perovskite Fe-Mg interdiffusion is as slow as Si self-diffusion and
is orders of magnitude slower than Fe-Mg diffusion in other mantle minerals.
Length scales over which chemical heterogeneities can homogenize,
throughout the depth range of the lower mantle, are limited to a few meters
even on time scales equivalent to the age of Earth. Heterogeneities can there-
fore only equilibrate chemically when they are stretched and thinned by in-
tense deformation.

The kinetics of many physical and chemical
processes in Earth_s mantle are controlled by
solid-state diffusion (1–5). Thus, understand-
ing and quantifying these processes in Earth
requires knowledge of diffusion coefficients

for mantle minerals over the range of pressure-
temperature conditions encompassed by Earth_s
mantle. The mineralogy of Earth_s lower man-
tle is dominated by silicate perovskite (È80
volume %).
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Find a quantum algorithm for the Trotter step (multi-qubit!)

Slowest evolution: Ground state!

• quantum advantage: Natural  
Fourier transform

• quantum advantage: natural  
gate sequence for physical  
interactions

• but: leads to long algorithms

Takes a long time, gets the ground state
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representation of quantum mechanics in second quantization we therefore have to trans-

form the operators in (2.3)

Ĥ1st Quantization = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc

in second quantization in such a way that the matrix elements between two arbitrary

states in first quantization are identical to those in second quantization:

h 1|Ĥ1st Quantization| 2i = hk1|Ĥ2nd Quantization|k1i . (2.23)

For (2.23) to be valid, the spatial structure of the molecule must consequently be em-

bodied in the second quantized operators. Since we will only be dealing with the second

quantized version, we will set Ĥ2nd Quantization ⌘ Ĥ from now on. One can show that the

(non-relativistic and spin-free) second-quantized molecular electronic structure Hamil-

tonian (MESH) is given by

Ĥ =
X

PQ

hPQâ
†
P
âQ + 1

2

X

PQRS

gPQRS â
†
P
â†
Q
âRâS + ĥnuc. (2.24)

{P,Q,R, S} runs over all spin-orbitals (occupied and unoccupied). The factor 1
2 is

conventional, ĥnuc is the constant term due to the Born-Oppenheimer approximation

and reads

ĥnuc =
1
2

X

I 6=J

ZIZJ

RIJ

. (2.25)

The spatial structure is contained in the one-electron integrals

hPQ =

Z
�⇤
P (x)

 
�1

2
r2 �

X

I

ZI

rI

!
�Q(x)dx (2.26)

and two-electron integrals

gPQRS =

Z
�⇤
P (x1)�

⇤
R(x2)

1

r12
�Q(x1)�S(x2)dx1dx2 (2.27)

and they must be pre-computed classically. Evaluating these integrals is an immensely

complicated numerical task by itself and it would not answer the purpose of this thesis

to go any further than just stating that solving these integrals can be done on a classical

computer e�ciently[14]. It is important to note that (2.26) and (2.27) are constructed

in such a way that they become identical with their respective first-quantized analogue

obtained from the Slater-Condon rules [15]. The integrals (2.26) and (2.27) possess the
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systematically approximate the self-energy is to consider a reference
lattice of isolated clusters G0 with the same local interaction term U
as the lattice G and pick S from the exact solution of the reference lat-
tice. This method allows for the construction of solutions to the FHM
that are very accurate except for long range correlations that exceed
the dimensions of the clusters. The main advantage of this scheme
is that the solutions are guaranteed to become asymptotically exact
as the size of the cluster reaches the size of the original lattice. The
next step consists in rewriting the grand canonical potential Wt as a
functional of the lattice self-energy S instead of the Green’s function
G.

2.3.1.2 Self-energy functional theory

The variational principle of the self-energy of a cluster [57] intends to
account for solutions of the Hubbard model with spontaneous sym-
metry breaking caused by long-range interactions. The grand canon-
ical potential Wt [G] can be rewritten as a functional of the self-energy
Wt [S] by applying the Legendre transformation G [S] =

�
G�1

0t � S
��1

such that

Wt [G] = F [G]� Tr
⇥�

G�1
0t � G�1� G

⇤
+ Tr ln [�G]

= F [G]� Tr [SG]| {z }
L[S]

+ Tr ln [�G]

= L [S]� Tr ln
⇥
�G�1

0t + S
⇤

= Wt [S] .

(2.14)

Let’s then notice that Wt [S] is still exact and now only depends on
the self-energy S and the non-interacting Green’s function G0t. The
Legendre transformed Luttinger-Ward functional L [S] has the nice
property

dL [S]
dS

= �G, (2.15)

which is used to recover the Dyson equation of the system and the
variational principle depending on the self-energy

dWt [S]
dS

=
�
G�1

0t � S
��1

� G = 0. (2.16)

As shown in figure 2.4, solutions to the FHM can be found by varying
the self-energy until a physical value of the Green’s function is found
and the Dyson equation is satisfied. However, since this is in general
a saddle-point problem, the optimal point cannot be interpreted as an

Variational 
principle
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Figure 2.4: How the different functional spaces are connected. The red dots
represent the exact self-energy at the stationary point of Eq. 2.16.
The functional dependence of Wt [S] is not known for the com-
plete space of self-energies, but only those parametrized by the
single-particle parameters t0 shown by the red lines. The station-
ary point on that sub-manifold corresponds to the approximate
grand canonical potential. This figure has been reproduced from
[69].

upper bound to the exact energy (as in the Ritz variational method)
but as the most “physical” approximation of the grand canonical po-
tential allowed by a given parametrization of the self-energy. Com-
puting the exact single-particle self-energy for a large lattice and stor-
ing the result are tasks beyond the capabilities of classical computers.
The idea of cluster methods used to approximate the solution of the
full lattice G is to divide it into a reference lattice G0 of clusters of a
small number (i.e. computer tractable) of sites, solve a cluster exactly
and use perturbation theory to approximate the properties of the full
lattice.



Variational cluster

• split lattice into exact 
clusters

• couple clusters pertur- 
batively: Closed form

Potthoff, Senechal …
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Figure 2.5: The essence of the VCA method is to remove the one-body links
(denoted t) between small clusters (contained in V) from the lat-
tice G and consider only the reference lattice G0 whose Hamilto-
nian H

0 is block diagonal in the Wannier basis and easier to solve
than the complete problem H. The reference system generates a
manifold of trial self-energies S0 parametrized by single-particle
parameters t0. The self-energy functional can be evaluated ex-
actly on this manifold as the interaction part of the Hamiltonian
(the Us) is left unchanged.. The solution becomes asymptotically
exact as the clusters are made to include more sites.

2.3.2 The variational cluster approach

Large lattices with millions of orbitals are impossible to simulate ex-
actly on classical computers since the memory required to store for
the associated state vectors scales exponentially in cluster size. A
method to mitigate this problem makes use of the translation invari-
ance of the lattice. It consists in breaking down the lattice in sev-
eral independent clusters and making use of the universality of the
Luttinger-Ward functional to recast the variational equation (2.16) on
a cluster-restricted domain of the self-energy. The exact solutions are
recovered when the size of the cluster is equal to the size of the origi-
nal lattice [83].

Good and thorough introductions to the VCA method can be found
in [56, 84]. In the restricted Hilbert space of a cluster, the goal is to
variationally find a self-energy S0 such that it is most physical (by
satisfying the VCA version of the Dyson equation) and minimizes
the free energy. As hinted at the end of subsection 2.3.1 and shown
in figure 2.5, the VCA approximation consists in subdividing a full
lattice G into a reference lattice of identical clusters G0 and solving the
reference model exactly in order to obtain its self-energy S0. In this
context, the Green’s function of a cluster is a frequency dependent
matrix given by

G0�1 (w) = w � t0 � S0 (w) (2.17)Exact cluster Green’s function
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The Legendre transformed Luttinger-Ward functional L only depends
on the interaction part of the Hamiltonian. Since by definition the in-
teraction part of the Hamiltonian is the same for the full system and
the reference system, the identity L [S0] = L [S] must hold. Let’s note
that this scheme would not work directly in the case of the extended
FHM (where there is intersite interaction), since a reference system of
independent clusters cannot be found by simply removing one-body
links of the Hamiltonian [85]. As in Eq. (2.14), the grand canonical
potential of the reference system is given by

W0
⌘ Wt0

⇥
S0
⇤
= L [S]� Tr ln

⇥
�G0

⇤
, (2.18)

where G0 is the Green’s function of the reference system. When they
are both evaluated at the self-energy of the reference system, the dif-
ference between the grand canonical potential of the full lattice and
the reference system is

Wt
⇥
S0
⇤
= W0 + Tr ln

⇥
�G0

⇤
� Tr ln [�G] . (2.19)

This relation is exact, the only approximation of the VCA is in the re-
striction of the domain of the self-energy. It can be further simplified
as the VCA is built within SFT as a well-defined variational extension
to the CPT. The full lattice Green’s function G [S] is equal to the CPT
Green’s function if its self-energy is restricted to the domain of the
reference system. As in figure 2.5, it is useful to define V ⌘ t�t0 as
a perturbation, where t contains all the one-body terms of the full
lattice G and t0 represents all the one-body terms of the lattice of clus-
ters G0. As a result of strong-coupling perturbation theory, the CPT
Green’s function is given by

G
⇥
S0
⇤
= Gcpt =

�
G0�1

� V
��1. (2.20)

With some algebra, Eq. (2.19) can be written as

Wt
⇥
S0
⇤
= W0

� Tr ln
⇥
1 � VG0

⇤
. (2.21)

The functional is exact as no classes of diagrams have been explic-
itly excluded. At the saddle-point, it represents the quantity which
is physically the closest to the physical grand canonical potential of
the full lattice when the self-energy is computed on the reference
lattice. The effect of single-particle correlations and intra-cluster two-
particle correlations is treated non-perturbatively but the inter-cluster
two-particle effects are neglected in the one-particle spectrum. Even
if only a small cluster is exactly solved, the self-energy variational
principle (2.16) can be used to study the properties of the infinite sys-
tem like the various order parameters in a thermodynamically con-
sistent framework. Since the VCA is a well defined generalization of
the CPT, it also shares similar characteristics. It is exact in the limit
U
t ! 0 where the self-energy disappears to yield the tight binding

Classical variational calculus for 
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Abstract

Many phenomena of strongly correlated materials are encapsulated in the Fermi-Hubbard model. In general, no closed-form solution is known
for lattices of more than one spatial dimension, but they can be numerically approximated using cluster methods. To model long-range
e↵ects such as order parameters, a powerful method to compute the cluster’s Green’s function consists in finding its self-energy through
a variational principle. This allows the possibility of studying various phase transitions at finite temperature in the Fermi-Hubbard model.
However, a classical cluster solver quickly hits an exponential wall in the memory (or computation time) required to store the computation
variables. We show theoretically that the cluster solver can be mapped to a subroutine on a quantum computer whose quantum memory
usage scales linearly with the number of orbitals in the simulated cluster and the number of measurements scales quadratically. We also
provide a gate decomposition of the cluster Hamiltonian and a simple planar superconducting architecture for a quantum simulator that
can also be used to simulate more general fermionic systems. A quantum computer with a few tens of qubits could therefore simulate the
thermodynamic properties of complex fermionic lattices inaccessible to classical supercomputers.

Self-Energy functional theory

The Hamiltonian of the Fermi-Hubbard model (FHM) [1] describes
a simple electronic band in a periodic lattice � where electrons are
free to hop between orbitals with kinetic energy t and interact
via a simple two-body Coulomb term U . The occupation of the
electronic orbitals is controlled by the chemical potential µ.

H = �t

X

hi ,ji,�

c
†

i�cj� � U

X

i

ni"ni# � µ
X

i ,�

ni� (1)

The self-energy functional theory (SFT) can be used as a general
theoretical framework to systematically construct approximations
to compute the thermal properties and the spectrum of single-
particle excitations of a certain class of strongly correlated electron
systems. The prototypical system that can be studied is the FHM.

Figure: The reference system generates a manifold of trial self-energies

⌃
0
parametrized by single-particle parameters t

0
. The self-energy functional

[5] can be evaluated exactly on this manifold as the interaction part of the

Hamiltonian is left unchanged.

The prime application of the SFT is to construct the variational
cluster approximation (VCA) [2]. An approximate solution of an
infinite lattice is obtained from an all-order perturbation theory of
terms connecting exactly solvable clusters. If Nc is the number of
cluster along each dimension of the lattice, then the superlattice
reciprocal space is given by

k̃x/y =
2⇡qx/y
Na

, qx/y = 0, . . . , Nc � 1 . (2)

Figure: The essence of the VCA method is to remove the one-body links

(denoted t) between small clusters (contained in V) from the lattice � and

consider only the reference lattice �
0
whose Hamiltonian H

0
is block

diagonal in the Wannier basis and easier to solve than the complete

problem H. The solution become asymptotically exact as the clusters are

made to include more sites.

The set of one-body terms linking the clusters are

V̂

⇣
k̃

⌘
⌘ t̂

⇣
k̃

⌘
� t̂

0. (3)

The exact Green’s function of a cluster is written as

G
0 (!) = 1

!�t0�⌃0(!)

=

✓
G

0 (!) F
0 (!)

F
0† (!) �G

0 (�!)

◆
.

(4)

Solutions to the FHM can be found by varying the functional of the
self-energy until a physical value of the Green’s function is found

⌦t = ⌦0

t 0 �
1

N

I

C

dz

2⇡i

X

k̃

ln det
h
Î� V̂

⇣
k̃

⌘
Ĝ

0 (z)
i

(5)

and the Dyson equation is satisfied:

@⌦t

@t0
= 0. (6)

Then the approximate Green’s function of the lattice of clusters is
given by

G

⇣
k̃,!

⌘
=
⇣
Ĝ

0�1 (!)� V̂

⇣
k̃

⌘⌘�1

(7)

and the Green’s function of the full lattice is obtained by a peri-
odization procedure such that

G (k,!) =
1

Lc

LcX

i ,j=1

Gij (k,!) e
�ik·(ri�rj). (8)

Quantum variational cluster approach

Scaling to larger clusters on classical computers requires an ex-
ponential amount of memory as a function of cluster size. We
propose solving the cluster problem on a quantum computer as a
quantum subroutine.

Figure: Hybrid quantum-classical loop to solve the Fermi-Hubbard model

using the variational cluster approach.

The quantum circuit involved in creating a low-temperature Gibbs
state [4] of the cluster Hamiltonian and measuring its time-
dependent correlation functions is shown in the next figure:

Figure: When the bath is traced out the system channel S is left in a

Gibbs state from which the di↵erent correlation functions can be read from

the one-qubit register P . Register R is used as a digital component and q

should therefore be the size required for the desired floating point accuracy

on s⇤, which is related to the inverse temperature � [4]. The numbers in

the controlled gates of register R denote the index of the qubit which is

acting as the control.

After a Gibbs state is prepared:

⇢Gibbs (�) ⌘
1

Z

X

m

e
��Em |�mi h�m| , (9)

the correlation functions of the Majorana operators

Xi� ⌘ ci� + c
†

i�

Yi� ⌘ +i
⇣
ci� � c

†

i�

⌘ (10)

are measured using the following circuit:

Figure: Circuit to measure the correlation function Cµ⌫ (⌧) from an input

Gibbs state

The measured functions are extracted from the P register as prob-
abilities

Cµ⌫ (⌧ ) = 2 (Pµ⌫ (M = 0, ⌧ )� Pµ⌫ (M = 1, ⌧ ))

=
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s=0

⌧ s

s!
C
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(11)

There is a linear map to recover the single-particle correlation func-
tions.
0

BBBBB@

D
ci� (⌧) c

†

j�0 (0)

E

D
c
†

i� (⌧) cj�0 (0)

E

hci� (⌧) cj�0 (0)iD
c
†

i� (⌧) c
†

j�0 (0)

E

1

CCCCCA
=

1

2

0

BB@

1 1 i �i

1 1 �i i

1 �1 i i

1 �1 �i �i

1

CCA

0

BB@

hXi� (⌧)Xj�0 (0)i

hYi� (⌧)Yj�0 (0)i

hYi� (⌧)Xj�0 (0)i

hXi� (⌧)Yj�0 (0)i

1

CCA

(12)
The retarded Green’s functions can be recovered from

G
R

µ⌫ (!) = �i lim
⌘!0+

1X

s=0

C
(s)

µ⌫

(⌘ + i!)s+1
. (13)

Gate decomposition of a square cluster

The Fermionic creation and annihilation operators are mapped to
Pauli operators using the Jordan-Wigner transformation:

c
†

i"
= I⌦2(Lc�i)+1

⌦ �+ ⌦ �⌦2(i�1)

z

c
†

i#
= I⌦2(Lc�i)

⌦ �+ ⌦ �⌦2i�1

z .

(14)

The important types of Hamiltonian terms for a cluster are intro-
duced through the concrete example of a 2⇥ 2 cluster.

Figure: For a n = 2Lc square lattice, the sites are labeled sequentially in

linear stripes, this ensures that nearest-neighbor coupling terms of the

Hamiltonian in the Jordan-Wigner basis can be represented as Pauli string

of length at most O
�
2
p
Lc

�
.

The form of the Hamiltonian of a 2D cluster including the varia-
tional terms is the following:

H
0 = Hkin +Hint �Hs�pair �Hdx2�y2

�Hlocal �HAF. (15)

The local terms include the variational chemical potential that
enforces thermodynamical consistency and a possible symmetry-
breaking anti-ferromagnetic ordering:

Hlocal = µ0
X

i ,�

ni� +M
0
X

i

e
iQ·Ri (ni" � ni#) . (16)

The gate decomposition of the local terms has the form

Figure: The local terms of the cluster Hamiltonian corresponding to the

time evolution of Hlocal and HAF. The single qubit rotation
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The kinetic term that describes nearest-neighbor hopping is

Hkin = �t

X

hi ,ji,�

c
†

i�cj� + c
†

j�ci�. (17)

It can be exactly implemented on a quantum simulator with a gate
sequence of the following form:

(a)

(b)

Figure: The hopping terms of the cluster Hamiltonian corresponding to

the time evolution of Hkin are decomposed into gates.

The two-qubit + and � gates correspond to ±iSwap, which can
be physically implemented by �x ⌦ �x + �y ⌦ �y Hamiltonians.
The FHM has local interaction terms of the form

Hint = U

X

i

ni"ni#. (18)

They can be implemented with the gate sequence

(a)

(b)

Figure: The interaction terms of the cluster Hamiltonian corresponding

to the time evolution of Hint are decomposed into gates. The angle

⇥int ⌘ +�⌧U . The single-qubit rotation gate R
⇥
�U ⌘ e

+i ⇥2 e�i ⇥2 �y .

In the case of attractive interaction U < 0, the FHM displays a
s-wave superconducting order parameter. The symmetry-breaking
term is modeled by

Hs�pair = �0

s

X

i

⇣
c
†

i"
c
†

i#
+ ci#ci"

⌘
. (19)

It can be decomposed as the following gate sequence:

(a)

(b)

Figure: The s-wave pairing terms of the cluster Hamiltonian

corresponding to Hs�pair are decomposed into gates. The angle

⇥� ⌘ ��⌧�0

s .

In the case of repulsive interaction U > 0 close to half-filling, the
FHM shows a d-wave ordering parameter of the form

Hdx2�y2
= �0

d

X

hi ,ji

dij

2

⇣
c
†

i"
c
†

j#
� c

†

i#
c
†

j"
+ cj#ci" � cj"ci#

⌘
, (20)

where

dij =

8
>><

>>:

1 if Ri � Rj = ±aex

�1 if Ri � Rj = ±aey

0 otherwise.

(21)

The gate sequence for a d-wave ordering term has the form

(a)

(b)

(c)

Figure: The d-wave pairing terms of the cluster Hamiltonian

corresponding to the time evolution of Hdx2�y2
are decomposed into gates.

The angle ⇥d ⌘ ��⌧�0

d .

Since the kinetic and interaction terms of the FHM do not com-
mute, a Trotter-Suzuki approximation must be used to do the time
evolution of the simulated system:

e
�iH

0
�⌧

'

 
MY

i=1

e
�

iH0
i�⌧

N

!N

. (22)

The time decimation can be used to achieve arbitrary precision of
the evolution operator:

Figure: Numerical worst case error

✏ (�⌧) = 1�
1

16Lc

��Tr
⇥
UTS (N�⌧)U†

(N�⌧)
⇤��2 for the Trotter-Suzuki

(order O
�
�⌧ 3

�
) and the Ruth (order O

�
�⌧ 4

�
) decompositions for a

constant simulation time such that ⌧ = N�⌧ = 3. To emulate a typical

worst-case error, all variational parameters µ0
= M

0
= �

0

s = �
0

d = 3. The

interaction U = 8 and all energy and time units are made unitless by

referencing them to the hopping energy t = 1.

Superconducting quantum simulators

As shown in the following table, the amount of quantum resources
to simulate a cluster of the FHM scale favorably when compared
to the memory requirement on a classical computer.

Figure: Quantum resources required to solve a cluster of the

Fermi-Hubbard once the Gibbs state is prepared. The information processed

by the classical computer is proportional to the number of measured

correlation functions which scales quadratically with the number of orbitals

in the cluster.

The form of the quantum algorithm suggests a natural layout of
qubits where the analog simulation occurring in registers S + B

is separated from the digital register R by qubit P , which is both
used to mediate information and measure correlation functions.

Figure: Proposed layout of physical qubits with no crossing interaction

line. Boxes represent physical qubits in di↵erent labelled registers. Arbitrary

single qubit gates are assumed to be implementable on every qubit.

The following notation is introduced to apply controlled gates from
register R on registers S+B by swapping back and forth in register
P :

Figure: How the interaction through register P is done.

This way, it is possible to build a QFT with no crossing interaction
lines.

Figure: Recursive gate decomposition of the QFT . It uses

2(n � 1) SWAPs and an ancilla qubit P . This variant can be implemented

physically by having all qubits couple to the middle qubit P .

Here we introduce Superconducting Planar ARchitectures for
Quantum Simulations (SPARQS). We present two variations. The
first is based on Google’s RezQu architecture where qubits are
coupled by bringing them in and out of resonance with a fixed-
frequency bus:

Figure: This is a modified RezQu architecture [3]. Each

frequency-tunable qubit (represented by a crossed box) is coupled to a

common transmission line. Not shown are the flux control lines of the

qubits to change their detuning from the bus.

The two-qubit ±iSwap can be implemented quickly in this archi-
tecture using optimal control methods:

10�4
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10�1

100

20 24 28 32 36 40 44 48 52 56 60
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fid

el
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�
�

Gate duration tg [ns]

iSwap
iFredkin

Figure: Speed limit for the 3 Z -controls of the iFredkin for the fidelity

� = 0.9999, compared to the iSWAP-gate with only two Z -controls, S1

ans S2, and P is set to a parking frequency of 10GHz. The target fidelity

in both cases is � = 0.9999.

The second variant is based on IBM’s architecture where fixed-
frequency qubits are coupled with tunable couplers:

Figure: A modified IBM architecture [6] with fixed frequency

superconducting qubits that also implements the quantum simulator layout.

Our main results are the following:

I It scales linearly in memory: 1 spin orbital corresponds to 1
qubit.

I It scales favorably in number of measurements which are
proportional to L

2

c at worst.

I The number of time measurements determines precision in
frequency space (same as classical, decoherence means less
information, good enough is possible).

I The most di�cult terms require O
⇣
L

2D�1
D

c

⌘
±iSWAPs (the

longest gate).

I Trotter-Suzuki errors can be made as small as desired.

I The proposed architecture has no crossing interaction lines
whose number scales as O (Lc) with no long range
interaction required.

I The number of gates that need to be tuned scales as
O (Lc).

I The architecture could be used to factorize if modular
exponentiation can be implemented in register S + B .
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Figure 17: Proposed layout of physical qubits with no crossing interaction
line. Boxes represent physical qubits in different labelled reg-
isters. Arbitrary single qubit gates are assumed to be imple-
mentable on every qubit. Solid lines are tunable exchange in-
teractions (sx ⌦ sx + sy ⌦ sy). Early numerical work also sug-
gests using tunable dispersive interactions (sz ⌦ sz) for the S � P
and B� P connections to implement the required conditional two-
qubit gates more efficiently. The interactions between the qubits
in registers S (or B) and the qubit in P are used to implement
conditional ±iSWAPs and controlled single-qubit gates. The in-
teractions between the qubits in register R and the one in register
P are only used to implement SWAP gates. The interactions be-
tween the qubits in R are used to implement QFT† on this register.
Dashed lines are linked to qubits that are measured in the com-
putational basis at the end of the protocol. There are only a very
limited number of gates to benchmark and tune. The size the
register R depends on the desired precision and accuracy of the
Gibbs state preparation (floating point accuracy should roughly
correspond to the quantum supremacy crossover for this register).
The size of register S should be at least as large as the number of
spin orbitals in the simulated cluster Hamiltonian and the size of
register B is equal to the size of register S such that it can absorb
the excess entropy of the Gibbs state preparation.
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1D 2 4 16 5 64 28 6 24

1D 3 6 64 7 144 42 10 48

1D 4 8 256 9 256 56 14 72

2D 2 ⇥ 2 8 256 9 256 56 14 96

2D 3 ⇥ 3 18 262, 144 19 1, 296 126 34 336

2D 4 ⇥ 4 32 4, 294, 967, 296 33 4, 096 224 62 768

3D 2 ⇥ 2 ⇥ 2 16 65, 536 17 1, 024 112 30 416

3D 3 ⇥ 3 ⇥ 3 54 1.8 ⇥ 1016 55 11, 664 378 106 2, 736

3D 4 ⇥ 4 ⇥ 4 128 3.4 ⇥ 1038 129 65, 536 896 254 10, 368

Table 3: Quantum ressources required to solve a cluster of the FHM once the
Gibbs state is prepared. The information processed by the classical
computer is proportional to the number of measured correlation
functions which scales quadratically with the number of orbitals in
the cluster.
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Limitations and 
classification

• Limited length of algorithms: (Error rate)-1

• Builds on algorithms that are classically 
limited by memory

• Probably restricted to simulation of quantum 
systems

How do we run longer, time-limited algorithms?



Fault-tolerant quantum 
computing



Classical vs. quantum errors

Classical stability

0 1

Energy barrier: 

Error rate 

Quantum: 

Bit-flip+phase errors
amplitudes matter

How do we deal with analog errors?



Error correction: 
Classical and quantum

• similar to error correction in communication

• redundantly encode data

• compare bits to identify where error happened

• relies on errors being uncorrelated

• more redundancy = more protection



Quantum measurement

• Measuring data qubits destroys superposition, kills 
quantum advantage: don’t

• Measurement of error syndrome realizes error 
probability: do

Measurement affects the quantum state

Arbitrary state: 
Observables uncertain

State with certain 
observableMeasurement

Bild von Stern-Gerlach



Digitization of errors
Projective quantum measurement:  No error detected -> error eliminated

In practice: 
• Syndrome measurement digitizes error
• Digital errors are tracked and matched but only corrected in the output
• Topological protection: Only errors that change the genus / connect surfaces remain uncorrected

Measure: 

Miscalibration of Q2



Syndrome extraction

Syndrome extraction:  

Measure error without learning state
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Two degenerate eigenvalues +/- 1
Reveals number of flips
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Commute, simultaneous measurement
Reveals number of phase flips

Basic idea: Redundant encoding + rare errors

Surface Code: Raussendorf, Fowler …



Error tracking
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Threshold-Theorem
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You are here …

• Current goal: 
Consistently p=10-4  

• Technlogical challenge: 
Scale-up

N.B: Ion traps are cleaner than superconducting chips but have a 
slower clock 
Filled: 1 day, Open: 100 days



Our main project



High level summary
• Reach a size scale of 50 - 100 

qubits (i.e., outperform 
classical supercomputers) 
• use Josephson junctions 
• build a sustainable central 

quantum computing laboratory 
• Reach fidelities that allow for 

meaningful molecular 
simulation

• Build a sustainable 
technological ecosystem in 
Europe 
• Interact with stakeholders 
• Interact with national 

initatives 
• Engage in the flagship



Beneficiaries
Universities RTOs Companies

Geography: Germany (3), Sweden, Finland, Switzerland (2), Spain (1)



Partner
Coordination and Management

Control, Benchmarking,  
Firmware

Applications and theory

Chip fabrication

Measurement

Cryogenics and wiring

Chip fabrication

Control and Modeling

Applications

Applications

Modeling

High-level software and simulation 
Hosting

Readout and amplification

Packaging

3D-Integration

Cryogenics

Cryo wiring

Electronics

Readout and control

Microwave technoolgy

Project management





Transferable tools and engineering
Superconducting circuit Fabrication

qubit chip

stand
off

TSVs

 
 

airbridge stand
offIn In

control chip

 

Three-dimensional integration

+ TWPAs from Chalmers and VTT



Classical infrastructure
• Custom cryogenic setup 
• Custom electronics 
• Equipment developers are 

integrated: Strong 
customization and early 
commercialization



• Expanding technological 
ecosystem
• Complementary, Airbus-style 

approach to collaboration
• Result under European 

legislation
• Research and training 

infrastructure with deep access

Why a European project

||

�

o
o
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o
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Universal adiabatic 
quantum computing



Basic idea

Find solution of hard constrained optimization problem by adiabatic sweep

Speed: (Gap)-1

H(s) = (1 − A(s))Hd + A(s)Hp

Driver:

Problem Hamiltonian:

Annealing schedule:

Hd = − D∑
i

X̂i

Hp = ∑
i

hiZi + ∑
i<j

JijZiZj + ∑
i<j<k

KijkZiZjZk + …

A ( t
T ) A(0) = 0

A(1) = 1



Proven result

• Assumes 6-state „qubits“

• Assumes 3-body coupling Z1Z2Z3

• Proves that gap shrinks 
proportional to  number of gatesAny quantum gate circuit can be 

run on an adiabatic quantum computer

(if it is sufficiently general)

Does not currently apply to general combinatorical optimization problems (and is unlikely to)



Quantum annealing
Temperature and speed 
lead to excitations

But tunneling gets us to the minimum faster
(heuristically)

Nishimori (spin systems), Amin (quantum computers)



Combinatorical optimization

• Routing problems

• Machine learning

• Complex systems analysis

• Airport management

• Nurse schedules



Quantum simulation
Hp = ∑

i

hiZi + ∑
i<j

JijZiZj + ∑
i<j<k

KijkZiZjZk + …Ising spin glass: Complex testbed of 
condensed matter and field theory
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FIG. 1. Geometrically frustrated lattice and escape from topological obstructions. a, We program the supercon-
ducting processor to simulate a lattice with cylindrical boundary conditions. Each square or octagonal plaquette is frustrated,
having an odd number of antiferromagnetic (red) couplers that cannot be satisfied simultaneously. b–c, Each plaquette is com-
posed of spins in three sublattices (indicated by green, red, blue) (b). Due to frustration, each plaquette has six ground states,
which map to six orientations of a pseudospin based on the value of spins in the three incident sublattices (c). Adding quantum
fluctuations leads to ferromagnetic order in the pseudospins. d, We initialize the simulation in three initial conditions: an
ordered state, and states in which the pseudospin winds around the periodic dimension (top/bottom) counterclockwise (CCW)
or clockwise (CW). Ordered states maximize the order parameter m, while CCW and CW have m = 0. Spin and pseudospin
interpretations are shown. We simulate relaxation from these initial conditions using quantum (QA) and classical (PIMC)
methods.

ing terms that cannot be satisfied simultaneously. It was
recently shown that the exotic physics of a topological
phase transition in this type of frustrated system2 can
be simulated in a QA processor1. However, the methods
and apparatus did not allow accurate measurement of re-
laxation timescales. Here we introduce new experimental
methods and apply them using an improved QA proces-
sor fabricated with lower-noise processes (see Methods).
We realize a programmable transverse field Ising model
(TFIM), whose Hamiltonian can be written as

H = H(s) = J(s)
X

i<j

Jij�
z
i �

z
j � �(s)

X

i

�x
i (1)

where s is an annealing parameter, Jij are 2-local cou-
pling terms, J(s) is a universal coupling energy prefac-
tor, �z

i and �x
i represent Pauli operators on the ith spin,

and �(s) is the transverse field, which induces quantum
fluctuations. We measure system evolution under fixed
H(s); this is a departure from the traditional QA use
case, where H(s) varies smoothly with time.

We program the couplings Jij of the QA processor
with a square-octagonal lattice (Fig. 1a). This lattice
exhibits order-by-disorder, a phenomenon in which the
addition of quantum fluctuations—a source of dynamical
disorder—drastically changes the low-temperature prop-
erties of the system, creating long-range order that does

not exist in the classical setting24. Due to geometric frus-
tration in the lattice, each four- or eight-spin plaquette
has six classical ground states; these can be represented
by six orientations of a pseudospin (Fig. 1b-c). A com-
bination of these local ground states can form a global
ground state provided that neighboring pseudospins are
approximately aligned, but this is not enough to im-
pose long-range order in the classical case. The addi-
tion of a transverse field energetically favors “flippable”
four-qubit chains, which assume symmetric Greenberger-
Horne-Zeilinger (GHZ) superposition; maximizing the
number of flippable chains forces the pseudospins to align
ferromagnetically. The magnitudem of the average pseu-
dospin quantifies this order, which varies as a function of
transverse field and temperature.

A major challenge in probing QA dynamics is the lower
bound on experimental timescales imposed by control
circuitry25,26, in this case 1µs. To lengthen QA con-
vergence timescales we take the novel approach of craft-
ing initial states based on global topological obstruction
in the pseudospin (Fig. 1d). In addition to the ordered
state, where the pseudospins are aligned, we initialize
the system such that the pseudospin winds in a coun-
terclockwise (CCW) or clockwise (CW) direction along
the periodic dimension of a cylindrical boundary con-
dition. This can be thought of as a system-spanning
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FIG. 4. Scaling of convergence time and QA speedup.
a–b, Convergence time for both QA and PIMC as a func-
tion of inverse temperature J/T (a) and lattice width L (b).
Triangles / and . indicate times for CCW and CW initial
states respectively; other markers indicate geometric mean.
QA data is discarded if the estimate of hmi is not accurate to
within 0.03, or either CCW or CW convergence time is < 1 µs
(shaded region). c–d, QA advantage over PIMC, given as
the ratio of convergence times, increases as T decreases (c),
as quantum fluctuations increase (c), and as system size in-
creases (d). Temperatures shown in d are minimum for which
QA results are accurate (J/T ⇡ 4.2 in each case). Scaling in
L (b, d) is given in terms of PIMC sweeps to show relax-
ation dynamics rather than computation time. All filled data
points have 95% CI bootstrap error bars, often smaller than
the marker. At �/J = 0.736, T/J = 0.244, QA relaxation is
three million times faster than PIMC on a CPU (Methods).

experiment—it lengthens QA timescales into the experi-
mentally resolvable regime—and for this reason we have
only compared against PIMC relaxation with a fixed
Hamiltonian. Many methods, ranging from trivial to
highly sophisticated, can hasten escape in both PIMC
and QA. For example, the initial obstructed state can
simply be randomized away, or nonlocal cluster moves
based on dimer configurations in the classical ground
state manifold can be interleaved with fixed-Hamiltonian
relaxation. These approaches would a↵ect scaling in both
PIMC and QA, and will require closer investigation when
QA relaxation timescales become long. We expect the
development and analysis of such hybrid QA algorithms

to be an active area of research in the coming years6,31.
Conversely, the experimental QA protocol can also be
applied to PIMC simulations: while quenching according
to QA experimental parameters roughly maintains—in
both QA and PIMC—dynamics and escape timescales,
fast and frequent PIMC quenches lead to a highly non-
equilibrium dynamics and can accelerate escape (Meth-
ods).
In conclusion, we have experimentally demonstrated a

computational scaling advantage in simulating frustrated
magnetism with a programmable superconducting quan-
tum annealing processor, as well as a large absolute ad-
vantage in convergence time. To our knowledge, this is
the first experimental evidence of a scaling advantage for
QA over PIMC in a 2-local stoquastic Hamiltonian, and
the first measurement of non-perturbative QA relaxation
in a large frustrated system. Far from being an artificial
benchmark, the simulated lattice demonstrates the ex-
otic topological phenomena that can arise in frustrated
quantum Ising systems. As Monte Carlo inference is an
e↵ective tool in the study of both idealized frustrated
systems2,23 and real frustrated magnetic compounds such
as Ca3Co2O6 [3] and TmMgGaO4 [4], our experiment is
closely related to real-world applications.
These results constitute an encouraging milestone: a

programmable quantum system can simulate quantum
condensed matter far faster than the corresponding clas-
sical method, and with better scaling in problem size and
hardness. Extensions of this work abound: related phe-
nomena of great interest include material properties in
the vicinity of a quantum critical point32, and dynamics
of monopole excitations in artificial spin ice33. Simulat-
ing these near the zero-temperature limit in QA would
benefit from processors with more flexible lattice connec-
tivity, higher coupling energy, lower noise, and improved
projective readout. These programmable quantum simu-
lations may ultimately be applied to the design of exotic
new materials that are just beyond the computational
horizon. The advantage reported in this work also opens
the door to hybrid approaches that could be used to ac-
celerate high-performance computing tasks. As various
quantum computing technologies mature, we anticipate
similar scaling advantages in the simulation of quantum
systems—such demonstrations are crucial waypoints for
the field as a whole.
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Sweet spot: Larger than gate based computers, but more versatile
and programmable than optical lattices



Quantum adiabatic Boltzmann machine

• common approach in machine learning: 
sample from Boltzmann distribution 

• preparing Boltzmann distribution for hard 
problem hard

• diabatic annealing: welcome thermal 
transitions

• need custom annealing schedules



Famous caveats
• Adiabatic quantum computing and the gate model can efficiently (= with 

polynomial overhead) simulate each other 

• For arbitrary combinatorical optimization, there are no proofs of speedup in 
either model (AQC/QA is a metaheuristic) 

•  Quantum annealing can be error corrected against thermal excitation 

• A universal quantum annealer needs more coherent and versatile hardware 
than d-Wave’s current offerings (which can be simulated efficiently by spin 
vector Monte Carlo)



Hardware consequences

• Program by physics: Higher 
degree of coupling 

• Control adiabatically rather than 
pulse: Simpler drive, fewer 
microwave issues 

• Non-simulable coupling: Couple 
by conjugate variable

2

the qubit’s sensitivity to flux noise in the coupler loop
and requires more precise control over the coupler flux
bias, it nevertheless allows for a significant improvement
in qubit coherence.

In this work, we demonstrate tunable coupling between
qubits with persistent currents reduced by nearly two or-
ders of magnitude compared to existing quantum anneal-
ers. While coupled flux qubits with low persistent cur-
rents have been previously demonstrated [24], no work
to date has investigated the implications that this design
choice has on qubit coherence for quantum annealing.
We present, for the first time, a systematic study of the
coherence of coupled flux qubits in the context of quan-
tum annealing. In particular, we investigate the e↵ect of
flux noise in the coupler loop on qubit coherence. Our
results are in good agreement with simulations based on
the full Hamiltonian of the coupled qubit system, as well
as a semi-classical model. This work serves as a proof-
of-principle and provides a framework for evaluating co-
herence in future quantum annealing architectures.

II. EXPERIMENTAL SETUP

A circuit diagram of our coupled qubit device is shown
in Figure 1a. Two capacitively shunted three-junction
flux qubits, Qubit A and Qubit B, are each galvanically
coupled to an rf-SQUID coupler via a shared inductance
of M = 34 pH, as shown in Figures 1b-d. The devices
are controlled by the externally applied magnetic fluxes
�A, �B, and �C. For simplicity, our experiments use
qubits with a single superconducting loop, instead of the
multi-loop qubits that are required for independent �
tunability. We characterize the qubits using standard
dispersive measurements [34], with each qubit coupled to
a separate readout resonator which is probed through a
shared transmission line.

The transition frequency between the coupler ground-
and first-excited state !

01
C �2⇡ was designed to be ∼ 20

GHz, which is significantly larger than the qubit transi-
tion frequencies at ∼ 5 GHz. Therefore, the coupled qubit
system can be described by the approximate low-energy

Hamiltonian H ≈H(A)q +H(B)q +Hint [26], where

H
(i)
q = �h

2
[✏i(�A,B,C)�̂(i)z +�i(�A,B,C)�̂(i)x ], (1)

Hint = �hJ(�A,B,C)�(A)z �
(B)
z . (2)

The e↵ective parameters ✏i, �i, and J are not only deter-
mined by the circuit parameters of the individual qubits
and coupler, but also by their couplings, and can depend
on all three flux biases. For each qubit, the degeneracy
point is defined as the bias where ✏i = 0. A table of device
parameters can be found in Appendix A.

The qubits were designed with shunt capacitance Csh =
50 fF, loop inductance Lq = 110 pH, and Ip = 45 nA. All
device components were patterned from a high-quality

(a)

ΦBΦA

ΦC

I1 I2 I3

M M

L -Mq

L  -2Mc

(c)

(b)

(d)

1 mm

100 µm 10 µm

FIG. 1. Coupled qubit geometry. (a) Device schematic.
Qubit A (left loop) and Qubit B (right loop) are capacitively
shunted three-junction flux qubits, coupled through a shared
inductance with an rf-SQUID coupler (center loop). On-chip
bias currents I1, I2, and I3 control the external fluxes �A,
�C, and �B through the qubit and coupler loops. (b) Optical
micrograph of the aluminum (light grey) device on a silicon
(dark grey) substrate. (c) Optical image showing the qubits,
coupler, and flux bias lines. (d) SEM image of the galvanic
connection between Qubit B (lower-right) and the coupler
(upper-left).

evaporated aluminum film on a high-resistivity silicon
wafer, except for the superconducting loops and Joseph-
son junctions, which were deposited using double-angle
evaporation of aluminum [32]. Spectroscopy plots show-
ing the energy di↵erence between the ground and first
excited state for Qubit A and Qubit B are shown in Fig-
ures 2a,b as a function of the reduced flux fi ≡ �i��0

in the qubit loop, with the coupler biased at fC = 0. At
this coupler bias, �A�2⇡ = 5.042 GHz and �B�2⇡ = 5.145
GHz.
Figure 2c shows how the transition frequency of Qubit

B depends on the coupler bias. This dependence orig-
inates from the circulating current in the coupler loop�IC�, which couples to the qubit through the shared in-
ductance M . Thus, the coupler induces an o↵set flux
in the qubit loop, which shifts the e↵ective qubit bias
as indicated by the dashed line in Figure 2b. Treat-
ing the interaction classically, the o↵set flux is given by
�fB =M�IC���0. Assuming that the coupler remains in
its ground state, �IC� and Le↵ are related to the coupler

ground state energy E
(C)
0 as

�IC� ≡ @E
(C)
0

@�C
;

1

Le↵
≡ @�IC�

@�C
= @

2
E
(C)
0

@�2
C

. (3)

By fitting our results to theory we extract the rf-
SQUID coupler loop inductance LC = 470 pH and junc-
tion critical current I0C = 730 nA, giving � ≡ 2⇡LCI

0
C��0

= 1.04. �IC� and 1�Le↵ vary with fC , and for these



Decoherence in 
annealers



Three impacts of decoherence 
in the simplest picture

• Dephasing: Loss of 
superpositions between 
eigenstates (T2) 

• Relaxation / Excitation: Transitions 
between eigenstates leading to 
thermalization (T1) 

• Renormalization: Change of 
effective Hamiltonian (Lamb shift)

Pivotal role of the Energy eigenbasis



Basic questions
• Does keeping the ground state even need coherence? 

• Is relaxation even hepful? 

• „Can there be quantum speedup without quantum 
coherence?“ (J. Martinis, before 2014) 

• „What is the role of the reorganization energy of the 
environment“ (A.J. Kerman, 2017) 

• „Isn’t quantum annealing cheating“ (many in the circuit-model 
community) 



The dissipative phase 
transition



The Ohmic Spin-Boson model
J(!) =

X

i

�2
i �(! � !i) = ↵!fcut

✓
!

!c

◆

<latexit sha1_base64="5FdLYz7v9dKHPsScIgXfOCYuMSo="></latexit><latexit sha1_base64="5FdLYz7v9dKHPsScIgXfOCYuMSo="></latexit><latexit sha1_base64="5FdLYz7v9dKHPsScIgXfOCYuMSo="></latexit><latexit sha1_base64="5FdLYz7v9dKHPsScIgXfOCYuMSo="></latexit>

J(!)
<latexit sha1_base64="EeLg+0phzBAUTfl7ouzlMKlybXs="></latexit><latexit sha1_base64="EeLg+0phzBAUTfl7ouzlMKlybXs="></latexit><latexit sha1_base64="EeLg+0phzBAUTfl7ouzlMKlybXs="></latexit><latexit sha1_base64="EeLg+0phzBAUTfl7ouzlMKlybXs="></latexit>

Relaxation/ 
HeatingDephasing

�
<latexit sha1_base64="bhJyuK1GWluhonhRK2nanKaIwuM="></latexit><latexit sha1_base64="bhJyuK1GWluhonhRK2nanKaIwuM="></latexit><latexit sha1_base64="bhJyuK1GWluhonhRK2nanKaIwuM="></latexit><latexit sha1_base64="bhJyuK1GWluhonhRK2nanKaIwuM="></latexit>

!c
<latexit sha1_base64="1xBDKqKaNox4b6iiDXwlbc12UPo="></latexit><latexit sha1_base64="1xBDKqKaNox4b6iiDXwlbc12UPo="></latexit><latexit sha1_base64="1xBDKqKaNox4b6iiDXwlbc12UPo="></latexit><latexit sha1_base64="1xBDKqKaNox4b6iiDXwlbc12UPo="></latexit>t�1

exp
<latexit sha1_base64="mPYKqXhHomgVjsivyzh0rYLyj8c="></latexit><latexit sha1_base64="mPYKqXhHomgVjsivyzh0rYLyj8c="></latexit><latexit sha1_base64="mPYKqXhHomgVjsivyzh0rYLyj8c="></latexit><latexit sha1_base64="mPYKqXhHomgVjsivyzh0rYLyj8c="></latexit>

!
<latexit sha1_base64="Ugd1H9IGPLxY4ZlBOCOq2NJWCHk="></latexit><latexit sha1_base64="Ugd1H9IGPLxY4ZlBOCOq2NJWCHk="></latexit><latexit sha1_base64="Ugd1H9IGPLxY4ZlBOCOq2NJWCHk="></latexit><latexit sha1_base64="Ugd1H9IGPLxY4ZlBOCOq2NJWCHk="></latexit>

S(!)
<latexit sha1_base64="bX0RJs73b+MC+cthuWZMrzAp8mM="></latexit><latexit sha1_base64="bX0RJs73b+MC+cthuWZMrzAp8mM="></latexit><latexit sha1_base64="bX0RJs73b+MC+cthuWZMrzAp8mM="></latexit><latexit sha1_base64="bX0RJs73b+MC+cthuWZMrzAp8mM="></latexit>

Energy shift
Energy shift

Energy shift: 
Level repulsion /  
second order  
pert. th. 
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Adiabatically dressed states

High-frequency part - treat qubit as perturbation

Effect on qubit: Dressed tunneling HQ,e↵ =e↵ h0 |HQ| 1ie↵
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Running tunneling element
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Phase diagram and fixed point
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Figure 4 | Normalized coupling rates and frequency renormalization.
a, Experimental normalized coupling rate �1/� (dots) as a function of the
coupling junction size � for the device with tunable coupling. Error bars
correspond to systematic bounds on �1 (see Methods). The dashed curve
represents the calculated parameter �1/� from equation (2). There is very
good agreement with the data for an impedance close to the nominal 50 �.
The coloured regions indicate the spin-boson model regimes where the
qubit dynamics are underdamped, overdamped and localized. The inset
shows an enlargement of the high-� region. For � <2 the curve represents
a lower bound. b, Observed qubit frequency � at the symmetry point
(circles) as a function of �� , along with calculated bare qubit gaps �0
(triangles). The curve is the theoretical prediction for the renormalized
qubit gaps calculated using equation (3) assuming a cuto� frequency of
!C/2⇡=50 GHz. Near integers of ��/�0, the coupling to the line is
minimum and the observed � follows the shape of the calculated �0, with
an o�set. Near ��/�0 ⇠�0.5, the di�erence between � and �0 increases
substantially. This is the region of nonperturbative ultrastrong coupling and
the suppression of � is consistent with the renormalization e�ects
predicted by the spin-boson model. The spectra in this region are di�cult to
fit with a Lorentzian and upper bounds to the frequency indicated by arrows
are drawn instead.

corresponds to the theoretical value of the normalized coupling
strength (Supplementary Information)

�1/�'
1
2⇡

RQ

Z0
|'�|

2 (2)

with RQ = h/(2e)2 = 6.5 k� the resistance quantum and Z0 the
characteristic impedance of the line. The matrix element values
of the phase operator across the coupling junction � , |'�|

2, are
calculated using the methods of ref. 3. The observed values of �1/�
agree very well with the calculated values based on our circuit3
for an impedance close to the nominal 50 �. Above �1/�'⇡/2,
equation (2) becomes a lower bound (Supplementary Information).
This is consistent with data in the range � < 2 lying above
equation (2). Including renormalization e�ects5 in equation (2)
might further improve the agreement with the measurements
for � <2.

Our system allows us to explore the spin-boson (SB) model in an
ohmic bath. According to the SB model, the high-frequency modes
of the transmission line renormalize the bare qubit splitting �0 to4,5

�=�0(p�0/!C)
↵SB/(1�↵SB) (3)

↵SB is the SB normalized coupling strength that is related to the
spectral density of the environment J (!). For an ohmic system such
as our transmission line, ↵SB = J (!)/⇡!. !C � �0 is the cuto�
frequency of the environment and p is a constant of order 1. Up to
↵SB ⇠ 0.5, we identify ↵SB = �1/⇡�. Above ↵SB ' 0.5 (or �1/� '

⇡/2) this relation becomes a lower bound for ↵SB (Supplementary
Information). In Fig. 4b we plot the experimental qubit splittings
� (circles). Using qubit junction dimensions extracted from SEM
images of the device, we diagonalize the qubit Hamiltonian at
each flux �� (triangles) to give the bare qubit gaps �0. We then
renormalize the calculated �0 using equation (3) and a value of
p= exp(1+� )'4.8, which is derived using an exponential cuto�
model4,5. � is the Euler constant.We find the best fit to themeasured
� using a cuto� of !C/2⇡= 50GHz, which is consistent with
characteristic system frequencies such as the plasma frequency of
the qubit junctions and the superconducting gap. The agreement
between the observed qubit splittings � and our estimates of the
renormalized gaps is clear3–5.

As a prelude to futurework,we can place our results in the context
of the SB model. The SB model defines three dynamical regimes for
the qubit: underdamped (↵SB <0.5), overdamped (1>↵SB >0.5) and
localized (↵SB > 1). The connection between �1/� and ↵SB allows
us to draw the boundaries between these regimes in Fig. 4a. We
see that our tunable device enters well into the overdamped regime,
and very possibly into the localized regime for � <2. More detailed
measurements of the dynamics of the device in these regimes could
further confirm the predictions of the SB model. Suggestively, the
strong reduction of the qubit response seen in Fig. 3c (leftmost data
points in Fig. 4a) with a flat response as a function of frequency is
consistent with simulations of classical double-well dynamics in the
overdamped regime (P. Forn-Díaz, manuscript in preparation).

We have presentedmeasurements of superconducting flux qubits
in 1D open transmission lines in regimes of interaction starting at
strong coupling and ranging deeply into the ultrastrong coupling
regime. In particular, we observed qubits with emission rates
exceeding their own frequency, a clear indication of nonperturbative
ultrastrong coupling. These results are very relevant for the study
of open systems in the USC regime, opening the door to the
development of a new generation of quantum electronics with
ultrahigh bandwidth for quantumandnonlinear optics applications.
The tunability of our system also makes it well-suited to the
simulation of other quantum systems. In particular, we showed that
the device can span the various transition regions of the SB model.
With further development of our quantum circuit, the structure of
the photon dressing cloud could also be directly detected, allowing
the study of the physics of the Kondo model6 in a well-controlled
setting. The ultrastrong coupling regime has other interesting
intrinsic properties on its own, such as the entangled nature of the
ground state.
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Delocalized:  
Quantum phase

Localized:  
Classical phase
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Dissipative PT: Why the flux qubit was 
invented before quantum computing

Macroscopic  
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This paper discusses the question: How far do experiments on the so· 
called "macroscopic quantum systems" such as superfluids and superconductors 
test the hypothesis that the linear Schrodinger equation may be extrapolated to 
arbitrarily complex systems? It is shown that the familiar "macroscopic 
quantum phenomena" such as flux quantization and the Josephson effect are 
irrelevant in this context, because they correspond to states having a very 
small value of a certain critical property (christened" disconnectivity") while 
the states important for a discussion of the quantum theory of measurement 
have a very high value of this property. Various possibilities for verifying 
experimentally the existence of such states are discussed, with the conclusion 
that the most promising is probably the observation of quantum tunnelling 
between states with macroscopically different properties. It is shown that 
because of their very high "quantum purity" and consequent very low 
dissipation at low temperatures, superconducting systems (in particular SQUID 
rings) offer good prospects for such an observation. 

§ 1. Introduction 

It is a great pleasure to dedicate this paper to Professor Ryogo Kubo 
on the occasion of his sixtieth birthday, and to wish him many more happy 
and productive years of activity in physics. 

This. paper represents a first tentative step into an area which I believe 
is of fundamental interest but fraught with great conceptual difficulties, not all 
of which it claims to resolve; it is in no way intended to be definitive. 

The question I want to discuss is: What experimental evidence do we 
have that quantum mechanics is valid at the macroscopic level? In particular, 
do the so-called "macroscopic quantum phenomena" which are actually 
observed in superconductors and super:fluids constitute such evidence? If not, 
are there other ways in which we can exploit many-body systems in general, 
and super:fluids in particular, to answer the question? 

In one sense the answer to our question is rather obvious and not very 
interesting. There clearly is a sense in which many-body systems afford 
very strong experimental evidence that quantum-mechanical effects are not 
confined to single atoms or to atomic scales of length and time. For example, 
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Figure 1. A single rf (or single-junction) SQUID ring.

where ϕ0 ≡ h/2e is the superconducting flux quantum, and Ic has the physical significance
of the critical current—that is, the maximum current which can be transmitted by the junction
without dissipation. (However, in the present context we can just regard Ic as a convenient
parametrization of the locking energy EJ .) In the experiments to be described, Ic is of the
order of 1 µA, so the locking (Josephson) energy EJ is a few tens of kelvins.

Like any quantum phase, the quantity ϕ(R) must be single valued modulo 2π , and
therefore any drop #ϕ across the junction must be compensated by a corresponding variation
around the bulk ring. To calculate the latter, it is convenient to choose a path which lies much
more than a penetration depth from the surface. Along such a path the electric current must
be zero (see e.g. [47]) and since quite generally the current carried by the pairs is proportional
to ∇ϕ − (2e/h̄)A(r) where A(r) is the vector potential, it follows that ∇ϕ = 2eA(r)/h̄ and
hence that the total drop in ϕ around the bulk ring is 2π$/ϕ0, when$ is the total flux trapped
through the ring (we neglect the very small contribution to $ from the barrier region itself).
Since as remarked the phase must be well defined modulo 2π , we get a fundamental relation
between the flux $ and the phase drop #ϕ across the junction:

#ϕ + 2π$/ϕ0 = 2nπ (5.10)
and thus the behaviour of the Cooper pairs is characterized uniquely by the single variable $,
which will serve as the ‘macroscopic variable’ for our considerations below.

It is important to appreciate that although the whole basis of our considerations is quantum
mechanical, at the present stage of the argument we are still treating the quantity $ as a
classical variable which parametrizes the Cooper-pair wavefunction: in fact, schematically,
the latter is (neglecting normalization, antisymmetrization, the spin degree of freedom and
other technicalities)
%(r1r2 · · · rN , t) ∼ χ(r1r2 : $(t))χ(r3r4 : $(t)) · · ·χ(rn−1rn : $(t)) ≡ %$ (5.11)
where if we take a path such as that shown in figure 1 and denote the angular coordinate
corresponding to the COM variable r ≡ 1

2 (r1 + r2) by θ , we have (again schematically)
χ(r1r2 : $(t)) ∼ exp i($(t)/ϕ0)θ . (5.12)

To obtain the total (relevant) potential energy of the ring as a function of$, we substitute (5.9)
into (5.10) and add the purely electromagnetic term generated by the finite self-inductance L

of the ring, namely 1
2LI 2 = ($ − $ext )

2/2L where $ext is any externally applied flux. Thus
we obtain the formula

U($) = ($ − $ext )
2/2L − (Icϕ0/2π) cos(2π$/ϕ0). (5.13)
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Ultrastrong coupling of a single artificial atom
to an electromagnetic continuum in the
nonperturbative regime
P. Forn-Díaz1,2,3*, J. J. García-Ripoll4, B. Peropadre5, J.-L. Orgiazzi1,3,6, M. A. Yurtalan1,3,6,
R. Belyansky1,6, C. M.Wilson1,6*† and A. Lupascu1,2,3*†

The study of light–matter interaction has led to important
advances in quantum optics and enabled numerous tech-
nologies. Over recent decades, progress has been made in
increasing the strength of this interaction at the single-photon
level. More recently, a major achievement has been the
demonstration of the so-called strong coupling regime1,2, a
key advancement enabling progress in quantum information
science. Here, we demonstrate light–matter interaction over
an order of magnitude stronger than previously reported,
reaching the nonperturbative regime of ultrastrong coupling
(USC). We achieve this using a superconducting artificial
atom tunably coupled to the electromagnetic continuum of
a one-dimensional waveguide. For the largest coupling, the
spontaneous emission rate of the atom exceeds its transition
frequency. In thisUSC regime, the description of atomand light
as distinct entities breaks down, and a newdescription in terms
of hybrid states is required3,4. Beyond light–matter interaction
itself, the tunability of our system makes it a promising tool
to study a number of important physical systems, such as the
well-known spin-boson5 and Kondo models6.

Light propagating in a one-dimensional (1D) waveguide is
described by a 1D electromagnetic field with a continuous
spectrum of frequencies. The strong coupling regime7 between
an atom and such an electromagnetic continuum is defined as
the regime in which the atom emits radiation predominantly
into the waveguide with a rate �G that significantly exceeds the
decoherence rate of the atom as well as emission into any other
channel. In this regime, the atomic transition frequency � far
exceeds the emission rate �G ⌧ �. Achieving strong coupling to
a continuum is a recent achievement in quantum optics8. Strong
atom–waveguide coupling has numerous applications, such as the
development of quantum networks9 for quantum communication10

and quantum simulation11. This technology, first demonstratedwith
superconducting qubits in open transmission lines8,10,12,13, has also
been implemented with both neutral atoms14 and quantum dots15
in photonic crystal waveguides. The distinctive signature of strong
coupling is a decrease below 50% of the amplitude of transmitted
signals due to coherent atomic scattering of photons.

A distinct regime of light–matter interaction is reached when
�G becomes comparable to the atomic transition frequency
�G/�⇠0.1, the ultrastrong coupling (USC) regime. Most studies

involving atom-field interactions are in the regime �G ⌧�, where
the common rotating-wave approximation (RWA) applies. In the
USC regime, the RWA breaks down but perturbative treatments
still allow an e�ective atom-field description when �G/� ⇠ 0.1
(refs 16,17). A novel, unexplored regime of light–matter interaction
is the nonperturbativeUSC regime, where�G approaches or exceeds
the atomic transition frequency �G/�⇠1 and perturbation theory
breaks down. This is a general definition also applicable to the case
of discrete modes in cavity quantum electrodynamics systems18. We
note that the nonperturbative USC regime has also been referred
to in the literature as the deep strong coupling regime19. In the
nonperturbative USC regime, the atom–photon system is described
by photons dressing the atom even in the ground state3,4,18. In this
regime, the Markovian approximation also breaks down because
the broad qubit linewidth �G implies that the spectral density of
the environment seen by the atom is not independent of frequency.
The presence of a continuum of modes ultrastrongly coupled to an
atomhas the additional e�ect of renormalizing the atomic frequency
from the bare value �0, which is a generalization of the well-known
Lamb shift to arbitrary coupling strengths. These renormalization
e�ects are also central to the well-known spin-boson model5, which
has been used to describe, for example, open quantum systems20,
quantum stochastic resonance21 and phase transitions in Josephson
junctions22. Reaching the nonperturbative USC regime allows
the exploration of the ultimate limits in light–matter interaction
strength and relativistic quantum information phenomena23. In
addition, ultrastrong couplingsmayhave technological applications,
such as single-photon nonlinearities24 and broadband single-
photon sources3.

Superconducting qubits are artificial atoms with transitions
in the microwave range of frequencies. Recently, flux-type
superconducting qubits have been put forward as candidates to
reach the nonperturbative USC regime3,25, having demonstrated
large galvanic couplings to resonators17 and a large anharmonicity
that allows them to remain an e�ective two-level system when
�G ⇠�. This is in contrast to other more weakly anharmonic qubits
whose transitions would overlap for large enough �G.

Here, we demonstrate nonperturbative ultrastrong coupling of a
superconducting flux qubit26 coupled to an open 1D transmission
line via a shared Josephson junction. As predicted3,25, we observe
that �G increases with the inverse of the coupling junction size. For
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Figure 4 | Normalized coupling rates and frequency renormalization.
a, Experimental normalized coupling rate �1/� (dots) as a function of the
coupling junction size � for the device with tunable coupling. Error bars
correspond to systematic bounds on �1 (see Methods). The dashed curve
represents the calculated parameter �1/� from equation (2). There is very
good agreement with the data for an impedance close to the nominal 50 �.
The coloured regions indicate the spin-boson model regimes where the
qubit dynamics are underdamped, overdamped and localized. The inset
shows an enlargement of the high-� region. For � <2 the curve represents
a lower bound. b, Observed qubit frequency � at the symmetry point
(circles) as a function of �� , along with calculated bare qubit gaps �0
(triangles). The curve is the theoretical prediction for the renormalized
qubit gaps calculated using equation (3) assuming a cuto� frequency of
!C/2⇡=50 GHz. Near integers of ��/�0, the coupling to the line is
minimum and the observed � follows the shape of the calculated �0, with
an o�set. Near ��/�0 ⇠�0.5, the di�erence between � and �0 increases
substantially. This is the region of nonperturbative ultrastrong coupling and
the suppression of � is consistent with the renormalization e�ects
predicted by the spin-boson model. The spectra in this region are di�cult to
fit with a Lorentzian and upper bounds to the frequency indicated by arrows
are drawn instead.

corresponds to the theoretical value of the normalized coupling
strength (Supplementary Information)

�1/�'
1
2⇡

RQ

Z0
|'�|

2 (2)

with RQ = h/(2e)2 = 6.5 k� the resistance quantum and Z0 the
characteristic impedance of the line. The matrix element values
of the phase operator across the coupling junction � , |'�|

2, are
calculated using the methods of ref. 3. The observed values of �1/�
agree very well with the calculated values based on our circuit3
for an impedance close to the nominal 50 �. Above �1/�'⇡/2,
equation (2) becomes a lower bound (Supplementary Information).
This is consistent with data in the range � < 2 lying above
equation (2). Including renormalization e�ects5 in equation (2)
might further improve the agreement with the measurements
for � <2.

Our system allows us to explore the spin-boson (SB) model in an
ohmic bath. According to the SB model, the high-frequency modes
of the transmission line renormalize the bare qubit splitting �0 to4,5

�=�0(p�0/!C)
↵SB/(1�↵SB) (3)

↵SB is the SB normalized coupling strength that is related to the
spectral density of the environment J (!). For an ohmic system such
as our transmission line, ↵SB = J (!)/⇡!. !C � �0 is the cuto�
frequency of the environment and p is a constant of order 1. Up to
↵SB ⇠ 0.5, we identify ↵SB = �1/⇡�. Above ↵SB ' 0.5 (or �1/� '

⇡/2) this relation becomes a lower bound for ↵SB (Supplementary
Information). In Fig. 4b we plot the experimental qubit splittings
� (circles). Using qubit junction dimensions extracted from SEM
images of the device, we diagonalize the qubit Hamiltonian at
each flux �� (triangles) to give the bare qubit gaps �0. We then
renormalize the calculated �0 using equation (3) and a value of
p= exp(1+� )'4.8, which is derived using an exponential cuto�
model4,5. � is the Euler constant.We find the best fit to themeasured
� using a cuto� of !C/2⇡= 50GHz, which is consistent with
characteristic system frequencies such as the plasma frequency of
the qubit junctions and the superconducting gap. The agreement
between the observed qubit splittings � and our estimates of the
renormalized gaps is clear3–5.

As a prelude to futurework,we can place our results in the context
of the SB model. The SB model defines three dynamical regimes for
the qubit: underdamped (↵SB <0.5), overdamped (1>↵SB >0.5) and
localized (↵SB > 1). The connection between �1/� and ↵SB allows
us to draw the boundaries between these regimes in Fig. 4a. We
see that our tunable device enters well into the overdamped regime,
and very possibly into the localized regime for � <2. More detailed
measurements of the dynamics of the device in these regimes could
further confirm the predictions of the SB model. Suggestively, the
strong reduction of the qubit response seen in Fig. 3c (leftmost data
points in Fig. 4a) with a flat response as a function of frequency is
consistent with simulations of classical double-well dynamics in the
overdamped regime (P. Forn-Díaz, manuscript in preparation).

We have presentedmeasurements of superconducting flux qubits
in 1D open transmission lines in regimes of interaction starting at
strong coupling and ranging deeply into the ultrastrong coupling
regime. In particular, we observed qubits with emission rates
exceeding their own frequency, a clear indication of nonperturbative
ultrastrong coupling. These results are very relevant for the study
of open systems in the USC regime, opening the door to the
development of a new generation of quantum electronics with
ultrahigh bandwidth for quantumandnonlinear optics applications.
The tunability of our system also makes it well-suited to the
simulation of other quantum systems. In particular, we showed that
the device can span the various transition regions of the SB model.
With further development of our quantum circuit, the structure of
the photon dressing cloud could also be directly detected, allowing
the study of the physics of the Kondo model6 in a well-controlled
setting. The ultrastrong coupling regime has other interesting
intrinsic properties on its own, such as the entangled nature of the
ground state.
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Tuning sytem-bath interactions kills tunnelingA.J. Leggett,  
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A technical note

• Adiabatic renormalization visualizes lowest-
order perturbative renormalization group 
(„Poor man’s scaling“) 

• Higher order calculations typically done with 
flow equations (Wegner / Kehrein; Glaczek / 
Wilson)



Dissipative phase 
transition for many qubits



Setting
Coupling (arbitrary)

Individual  
heat baths



From two to many
Disappearance of fixed-point matrix Hamiltonian elements

HQ,e↵ =e↵ h0 |HQ| 1ie↵
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Recall: Single qubit dressing

Matrix element renormalization: Count OD-Elements
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��� {�0

i}
E

e↵
=

D
{�i}

���Ĥ
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Renormalization ratio at cutoff C =e↵ h0|�̂x|1ie↵ =
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Energetics of Hamiltonian
• More lines in the phase 

diagram 

• for a k-local-Hamiltonian: 
Lines at 

• In coherent phase:  
weak shift 

↵ =
1

k
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At weak-to-intermediate  
coupling, 
the energetics are safe

1/k



Structure of the ground state
In spin systems, short-range interactions create long-range order 

In quantum annealers, k-local interactions can create N>k weight entanglement

Reduced density matrix of the ground state

h{�i} |⇢̂R| {�0
i}i = h{�i} |⇢̂| {�0

i}iC
P

i |�i��0
i|
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State overlap reduction for system-only obversables

ÔS ⌘ ÔS ⌦ 1B
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Regimes and clarifications

↵
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Locally coherent globally dephased (LCGD) regime
N-qubits, k-Local Hamiltonian, k<<N
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LCGD: 
Energetics  
weakly shifted 
State severely  
affected

Perturbative:  
Small corrections 
Thermodynamics  
lives here

Eigenstate thermalization in perturbative regime!



Working in the LCGD 
regime

Relevance: 
At N=1000 and k=2 (or 4), this is where most current annealers are / could be

Compute ground-state DM with local dephasing channels

One qubit D1 : ⇢1 7! C⇢1 + (1� C)�z⇢�z
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Quantum annealer D⌦N
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Related to GHZ-state dephasing

|0i⌦N + |1i⌦N
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Survives with probability CN
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Error sensitivity of QA

• ultimately also hit by decoherence - no cheating

• much more subtle

• huge advantage in short time (1/N vs. 0.001/N)

• more forgiving of control inaccuracies

• simple error supression goes far

• expect disruption before error correction

• community is working on speedup manifesto



Nonpairwise interactions



Motivation

artificially 
(trick nature)

use virtual photons

• In electrical circuit nature only provides pairwise 
interactions 



• In electrical circuit nature only provides pairwise 
interactions 

Idea+Motivation

artificially 
(trick nature)

use virtual photons

• Virtual photons lead to 
higher order correlations 

• purely quartic coupler

 ⇒ Ĥint ∝ ̂σz,1 ̂σz,2 ̂σz,3 ̂σz,4

Four local

Nonlinear coupler



• In electrical circuit nature only provides pairwise 
interactions 

Idea+Motivation

artificially 
(trick nature)

use virtual photons

Nonlinear coupler

• Virtual photons lead to 
higher order correlations 

• purely quartic int. potential

 ⇒ Ĥint ∝ ̂σz,1 ̂σz,2 ̂σz,3 ̂σz,4

Four local

Applications:

• Universal AQC

• Error correction for AQC

• Reduce embedding overhead 

• Fundamentally interesting



Virtual interactions

Schrieffer-Wolff: Higher order processes lead to nonpairwise interactions
[8] Schöndorf and Wilhelm, Phys. Rev. Appl. 20.012305 (2019) 



Ĥint ∝ α̃2
4

∑
i,j=1

̂σz,i ̂σz,j + α̃
4

∑
i=1

̂σz,iφ̂cIn qubit basis:

• Four flux quits coupled via 
large rf SQUID                 
nonlinear coupler

⇒

• Inductively coupled 

• ωc ≫ ωQB

Setup and Hamiltonian

[8] Schöndorf and Wilhelm, Phys. Rev. Appl. 20.012305 (2019) 



Setup and Hamiltonian

• Four flux quits coupled via 
large rf-SQUID                 
nonlinear coupler

⇒

• Inductively coupled 

Ĥint ∝ α̃2
4

∑
i,j=1

̂σz,i ̂σz,j + α̃
4

∑
i=1

̂σz,iφ̂cIn qubit basis:

Indirect couplingDirect qubit-qubit coupling

• ωc ≫ ωQB

[8] Schöndorf and Wilhelm, Phys. Rev. Appl. 20.012305 (2019) 



Results

• For the right parameters: 

J4 > J2

• Four body couplings in  
the strong coupling 
regime

[8] Schöndorf and Wilhelm, Phys. Rev. Appl. 20.012305 (2020) 

• Suppress  using 
external flux

J2



Obervations on annealing
Gate model Annealing

Short term NISQ: 
Memory-limited algorithms
Competition with early starters
about 50-100 qubits
significant microwave engineering
Short-range coupling - long range gate delegated 
into software (with overhead)

d-Wave
Incoherent qubits
Limited connectivity: can be simulated with 
spin-vector monte carlo
> 2000 Devices
simple high-speed engineering
Long-range interactions embedded

Long term FTQC:
All algorithms
Enormous qubit overhead (>1000 physical per 
logical)
Currently on a very primitive level
significant system integration (multi-cryostat)
short-range coupling sufficient

Universal annealing
All algorithms accessible
Early start on coherence - simple error 
mitigation goes a long way
Only IARPA projects - accessible?
Complex controls (NISQ-level)
Delegate interactions to physical level



European annealing readiness

• Europeans physicists set aback by 
d-Wave’s PR 

• coherent annealing mostly 
developed in US (closed) and Japan

• Needs NISQ-type fabrication and 
infrastructure: European leadership

• Limited competition with other 
open projects - niche

• European users (HPC, 
companies) interest in AQC/ 
Annealing

• So far only overseas partnerships

• disappointed by d-wave’s 
performance

• Alternative would be highly 
welcome



 A possible future



Applications and quantum firmware
• Control, benchmarking, calibration 

tools 
• microarchitecture 
• interoperable with openQASM / Qiskit 
• platform-agnostic and open source 
• Want to know more? Ask for our 

public deliverable on the software 
stack description



Analog gate design



Adaptive Hybrid Optimal Control



C3: Combined Calibration and Characterization



QAOA / Digitized AQC for 
combinatorical optimization



Digital Analogue QAOA
QAOA 
• Alternate non-commuting 

parameterized operators 
• Classical optimiser maximises 

expectation value of a problem 
solution  

Digital Analogue Scheme 
• Express all two-qubit operations in 

terms of an all-to-all resource 
• Use single-qubit operations to ‘steer’ 

this resource Hamiltonian 
• If resource always on simultaneity of 

resource and single qubit ops causes 
error

DA-QAOA 
• QAOA problem Hamiltonians suit DA 

scheme, easy to express 
• QAOA can use variational freedom to 

‘eat’ coherent DA error 
• Faster single-qubit operations improve 

performance



Many ways to write an 
algorithm



Conclusions

• 3 paths to quantum computing

• early stages with fast development

• multitude of platforms

• coherent annealing: the grey horse of 
quantum computing


